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LV.—Aberration Diffraction Fffects.

By G. C. Stewarp, M.A., someivme Fellow of Gonville and Caius College, Cambridge,
Fellow and Lecturer, Emmanuel College, Cambridge.

(Commumicated by Prof. A. S. EppiNgTon, F.R.S.)
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> (Received January 4, 1923.—Read March 15, 1923.—Revised June, 1925.)

S

2 : Introductory.

- 5 The image of a luminous point, given by a symmetrical optical system, will not itself
O be a point ; and this will follow both from the nature of light and also from the necessary
=« ‘ imperfections ” of the system. A part only of the incident wave will pass through

the system and diffraction phenomena will appear ; in addition the emergent wave will
not be a portion of a sphere but will be distorted by the geometrical aberrations of
the system. Diffraction theory would indicate that corresponding to a point source
of light a system of luminous rings should be produced upon the image plane ; this was
investigated by AIRY in 1834 ; geometrical theory, on the other hand, leads to a consi-
deration of several types and orders of aberration, the more common ones being
better known as the ‘Five Aberrations of Von Seidel.” They are:—Spherical Aberration,
Coma, Astigmatism, Curvature of the Field and Distortion ; these are well known and
they have been investigated by a number of writers. In the present paper a consideration
is undertaken of the modification of the ideal ’ diffraction pattern produced by these
geometrical aberrations. The method adopted depends upon the Eikonal Function
of Bruns, and a summary of the properties of this function is given, therefore, in Part I
of the paper ; Part II deals with the Aberration-Diffraction effects.

Throughout Parts I and II of the paper it is assumed that the stops of the optical system
are circular, with centres upon the axis of symmetry ; and this is generally the case.
Occasionally, however, other stops are used, and in Part I11 of the paper is undertaken
a consideration of the diffraction effects of such. The precise forms of aperture considered
are the following :—

1. the usual circular aperture with the central portion stopped out-—as suggested by
Lorp RAYLEIGH :

2. one (or two parallel) narrow rectangular apertures—as used for the determination
of the diameters of large stars and for the separation of close double-stars :

3. a semi-circular aperture—as used in a heliometer.
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The detailed examination of a certain general function which arises in the course of
the investigation is given in an Appendix and the results obtained are quoted in the
text as required.

VOL, CCXXV.—A 629, : T [Published November 5, 1925,

PHILOSOPHICAL
TRANSACTIONS
OF

The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to 2

Philosophical Transactions of the Royal Society of London. Series A, Containing Papers of a Mathematical or Physical Character. STOR ®
WWWw.jstor.org


http://rsta.royalsocietypublishing.org/

N

a
A
1~
A B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

N
yA \
I~
AL A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

132 MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS.

REFERENCES.

ParT I.—The form of the Eikonal Function is due, in the main, to Mr. T. SmiTH, of the
National Physical Laboratory, although the presentation is my own. Reference
may be made to the following :—

“The Changes in the Aberrations when the Obj ect and Stop are moved”: T. SMITH,
‘ Trans. Optical Society,” Vol. XXIII, 5, 1921-22.
Art. ©“ Optical Calculations " : ¢ Dictionary of Applied Physics.’
Parr IT.—RavieicH : ‘Coll. Wks.,” I, II. Conrapy, A. E.: ““ Star Discs,” M.N.R.A.S.,’
June, 1919. Buxton, A.: “Star Discs,” ‘M.N.R.A.S.] June, 1921.
MarTin, L. C.: “ Star Discs,” * M.N.R.A.S.;” March, 1922.

Part IIT (Non-Circular aperture).—Rayreicu :  Coll. Wks.,” I1I, p. 90.

I regret that, although this paper was read before the Society in March, 1923, I have
been unable to prepare it for publication until the present month (June, 1925).

Part L.

§ 1. Let there be n coaxial surfaces of revolution and let y, be the refractive index of
the medium between the surfaces A, » + 1 ; let k,, x;, be the powers of the surface 2, and
of the surfaces 1 to A respectively ; let I, F’ be the principal foci of the system and x,
distances measured from F, F’ respectively to a pair of conjugate points. Then

pr = — B ()
K]n

where x, 2" are measured positively in the direction of the incident light. Again, let

Ji= , . =22 g0 that the symbol J denotes modified power. If J(=J,,)
Pao1ta Peolka

be the modified power of the whole system, and X = pxJ, X/ = p,2’J, then (1) may
be written

XX'=—1. . . . . . . . . ...

If m be the modified magnification, 7.e., the ratio of the reduced dimensions of image
and object, then

S X = . e L (8)

A notation has now been obtained in which the continued recurrence of the quantities
k, w is avoided ; and it is to be noticed that X, X’ are pure numbers. If two systems of
powers J,, J,, with principal foci at F;, F,” and F,, F,’, respectively form one system of
power J and principal foci I, F’, then

Eﬂz~ﬂ4pm:+i ME+%.
1Y 2 1


http://rsta.royalsocietypublishing.org/

A A

I ¥

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A A

Vo

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS. 133

§ 2. The Eikonal of Brums.—Let O, O, taken as origins of co-ordinates, be in the
object-space and image space respectively and upon the axis of a symmetrical optical
system ; let this axis be taken as axis of x, 2" in the two spaces. Let the remaining
orthogonal axes be parallel. Let a ray whose direction cosines are (L, M, N), (L’, M’, N")
respectively in the two spaces cut the planes (yz) (y'2) in the points (y, z) (¢, 2) ; let
P, P’ be the feet of the perpendiculars from O, O" upon the two portions of the ray.
Then the reduced distance PP’, measured along the ray, is defined to be the ‘ Eikonal’
B and it follows that

& B, B,
o T YT T N

Let e be the reduced distance O0’, measured along the axis, and write

JE —e) =TU;
then
_oU _oU y . oU v oU
Y_~8~M, Z__é—N, Y = A 1 = N o (D)

and U is known as the ‘modified eikonal’ or the ‘eikonal expressed as a ratio ’; it
represents the difference between the reduced paths PP" and O0’. U is a function of
four variables which may conveniently be M, N, M/, N’; but because of the symmetry
of the system the three variables (1), (2), (8) are sufficient, given by

M? & NP=(1), MM 4 NN =(2),  M?4 N7 =(3).

If the principal foci be taken as base points (O, O') U is known as the * focal eikonal ” ;

it is given by
U = — (2) -+ terms of higher orders,

and the focal eikonal for a single spherical surface is given by

U=—(2)— &{(1) —2)+ @) +2(1)(3)]
+ 4 (1) — 2(2) + (3)) |
— o{(1)—2(2)+ )} {(1)*—2 (1) 8) + (8)*F — (1)*(3) — (1) (2)’]
+ terms of higher orders,
where » = —" ¥ and the surface separates media of indices p, 1.

(/=)
§ 3. Let now O, O’ be conjugate points associated with modified magnification m,

and let s be the modified magnification for the axial points of the entrance and exit
pupils of the system : let «, B, v be new variables defined as follows :—
a(s — m)? = (M — sM') + (N — sN')? = (1) — 25 (2) 4 5*(3)
B (s —m)? = (M —sM') (M — mM’) - (N —sN') (N —mN")= (1) — (s +m) (2) 4 sm (3)
v (s —m)! = (M —mM')p 4 (N — mN') = (1) — 2m (2) + »* (3).
T 2
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134 MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS.

The eikonal is thus a function of «, B, v; and if  be the form required to produce
perfect definition for the conjugate planes m, it may be shown that » is a function of
v only.

§ 4. The Aberration Function.—Let (4 — ®) be the reduced eikonal when the base
points are conjugate, and let # be the eikonal which would give perfect definition over
the conjugate planes passing through the base points. Then (-— ®) involves the pres-
ence of aberrations and, therefore, ® is known as the © Aberration Function’; the
negative sign is attached to ® because (— @) corresponds to a function (-}- V') asso-
ciated with the Characteristic Function, and, moreover, it ensures that, for standard
cases, the coefficients in @ shall be positive. If (Y, Z) (Y’, Z') be the points in which
a ray cuts the conjugate planes, then :

o oD
Y —mY = ( i +m >u + & M’ + M == Bk
1.e.,
od
Y — mY = M’ -+ m B (1)

since v is a function of y only ; and similarly

oD o®

L — ml = 8N’+ m S—N

These formulee give completely the aberration or wandering of the ray from the ideal
focus. @ is a function of «, P, v, and therefore

O =u, v+ ... +u, + ...

where u, is a polynomial homogeneous and of degree nin «, B, v ; u; is omitted, since the
aberrations are essentially of higher order than the first. The aberrations of the nth
order will be said to be those given by the function u,; it is convenient to assume
that : ,
Uy = %’ [0,0* — do,0p - 20,07 + 40,p* — 4o Py -+ ov’l. . . . (2)

and then o, ... 0, are known as ‘aberration coefficients.” The numerical factors
which appear are chosen because of subsequent simplicity ; they are suggested by the
expansion of [(1) — 2(2) 4 (3] which occurs in § 2.

. The Addition of Aberrations.—The reduced focal eikonal U for a single spherical
burf(we hasbeen given in § 2 : let (v — @) be the reduced eikonal, the base points being
conjugate for magnification m ; then with the usual notation

u-d>:U-;«91%[1~L]+m[1—L’]. N ¢}

The eikonal for a coaxial system is required ; let this be (v — @) and the power of
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the system J : let suffix A denote a similar function for the intermediate single surface 2.
Then it may be shown that ‘

u— o0 > (u—®
= X
J ,\=1< \

'_J_—/A"""""(Z)

where the whole system is composed of surfaces 1 to A inclusive. This is known as
the ‘ equation for the addition of aberrations’; by means of it may be calculated the
aberration coefficients for the whole system in terms of those for the intermediate single
surfaces. In fact, it may be shown that

k3 n \
0y — 3 <<’1> 4 <Gz> _ <<’2> 3 s\ __ 3
=] = =) M () = Z (2] M09, 2 %) m? 1§41,
<J >1,n A=1 J A AL J Lin A=1 J A At Sk L \J 1,7 J/)\ Atln *hm

PRI n \ Y n \ n \

Oy s GJ.) 2 2 Cp ~ Oy 3 Og Og\ ot

- == = | M N1, S a1, = = X “—) Mxs1, 0 Shs, e = X (=£) sy,
(J )1,7: A=1 <J,,\ PEMETAT S ami \J /A " NS e A=\ /A "

§ 6. The First Order Aberrations.—It may be shown that, if aberration be absent for
the centre of the stop,

— )2 _ 3 __ -
pa=lomb g bomEomya,
so that with the usual notation, and neglecting aberrations,

M — mM’ N —mN’
m ’ m

Y = 7 =

Similarly, if (p, ¢) be the point in which the ray cuts the exit pupil—the initial line
in these co-ordinates being parallel to the axes of Y, Y,'—

pcos ¢ =M-—sM, p sin ¢ =N — sN’,
so that
a (s —m)y = g% B (s—m)?=pY cos ¢, y(s—m)P=Y"

where it is assumed that the Y-axis passes through the object point. There is no loss
of generality in this. ’

From § 4 (1)
1
Y' —mY = <8M' +m ) = S —my [6:S + mo,C 4 m? (o5 + 20,) A 4 mPe;5D],
, - 1 ’ ’ 2 ’
7' —ml = <8N’ {—m > —2—(—8__—m—)—3[clS +me, O+ mis A, . . . L L (2)
where
S = e.os‘;b; C 593Y(2“}f0032¢); A _ YgoosqS’ D— Y
S’ sing sin 2¢ AT sin ¢

§ 7. Spherical Aberration.—The first term in § 6 (2) shows that the ray cuts the object

plane on the circumference of a circle of radlus ! and centre at the Gaussian

S

# T, Smrrw, < Trans, Opt. Soc.,” vol. 23 (1921-22), No. b.
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136 MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS.

image point : this is clearly  spherical aberration’ and the longitudinal aberration is
) .

L P

2 (s —m)?

Coma.—The second term gives

Y — mY = ﬂgmj—)- oY (2 + cos 24), 4 —ml = é%{j%ﬁ—)ﬂ o?Y sin 24.

This is the usual coma displacement ; the image ray cuts the object plane on the

circumference of a circle of radius 7(%629 Y) whose centre is the point ( ( Tof ;{ 0)

[ b~
referred to parallel axes through the Gaussian image. The conventional coma figure
is, therefore, given subtending an angle of 60° at the Gaussian image point. It will be
noticed that, owing to the appearance of the terms sin 2 0, cos 2 0, the coma-circle is
described twice for every single description of the exit pupﬂ..

Astigmatism and Curvature of the Field.—The third term gives

r_ (0'3"""20'4) 2 N, ’______’72:&_2(_71_ A2 .
Y —mY = — 2(3——m) eY? cos ¢, 7' —mt = (s_m)ngsmqb.

This indicates that the image point lies upon one or other of two surfaces of revolu-
tion according as  primary’ or ‘secondary’ rays arve considered. The curvatures

1
of these surfaces ( % P9> are given by
1 o3-+2, 1 = o3
P, (s —m)" P, (s—m)’
whence ' | |
Iy 3oy ] A l) _ |
A<I“>§>"(s-~m)ﬂL @ <P2 (S,“ )+w, N 3]

where o5 — 6, = (s — m)? @ and A is the usual operator of difference. These formule
cover the case in which the incident beam is astigmatic. Thus, assuming a non-asbig-
matic incident beam, o, = 0 denotes the co-incidence of the surfaces, 7.e., the absence
of astigmatism, and then = =0 denotes the absence of curvature of this common
surface. It may be shown readily that, for an air-air system @ (the Petzval sum) is
given by the relation )

Kiy@ = I ———
A=1 [ 1!1'2\

The formule (1) are identical with the formule usually given
By e
wed  wer T \v» w Q—Qy/ \w&  ui/)’

11 11 1y, Q >2 '_.L__.}_>
wes  ves ¢<p« u’) F(\Q{—Qx <u’£’ wt)’

of. WarrrakEr, © The Symmetrical Optical Instrument,” * Camb. Math. Tracts.’
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It is evident from (1) above that the distances of the primary and secondary foci
from the Gaussian image plane are respectively
30, Y%

W 2 ¢, Y? Brs
2( 1)’1/) F + Y

—Q—Y T 2(s —m)?
or
Y

R Yo,
2(s —m) (

65+ 264), m

Distortion.—The last term gives

Y —mY = —3— m?Y?, 7 —mll = 0.
2(s —m)
This indicates a radial distoition; if o5 > 0 there is ‘ pin-cushion’ distortion, while if
o5 < 0 there is ‘ barrel’ distortion.
From the above it has appeared that there are five aberrations of the first order—
the five aberrations of Von Swipir—and that these aberrations are given completely
by the five aberration coefficients o,, 6, o3, 6, o,

5

Part II.

§ 1. With axes and notation as in Part T, let (L, M, N), (I, W, N’) respectively be the
direction cosines of a ray before and after refraction through an optical system ; let
the ray meet the object plane O in Q and the exit
pupil E in R, and let I and Q be the Gaussian
conjugates to O and Q. Let U, be the modified optical P
distance from Q to R measured along the ray: the e —R
phase difference between the light vibrations at R and

=
g

Q is 2: U;, where a is the wave-length of the light

measured in vacuo; or, of course, the reduced length
measured in any medium. It is to be noticed that 2 is a modified length ; it is
multiplied by the modified power J of the optical system under consideration.

In the problem at present under discussion, a point source of light is considered ; all
the rays, therefore, will pass through @ and the actual phase at R may be taken to be

2; U,. Let now T be a point near Q' and in the plane I, and let RT =, where, again,

7o is modified and reduced ; the exit pupil may be taken as a secondary surface of light
disturbance and the phase contribution of the element of surface at R to the total dis-
turbance at T is given by

(047043,

If dS be an element of the exit pupil at R, the intensity of the disturbance at T is pro-
portional to the squared modulus of the expression

gﬂ'l‘o
jek‘”“’dS.. S € )
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138 MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS.

The amplitude of the light vibration has been omitted ; this is justified by the
considerations :—
(1) T is near Q’;
(ii) the wave surfaces are approximately concentric spheres with Q' as centre. The
amplitude will enter, therefore, as a factor of the form ;‘i, where A is a constant;
0
and 7, is, to the first order, equal to the distance between the planes E, I.
In conformity with the convention of Part I, U, may be considered to contain an additive
constant which will ensure the vanishing of the function for an axial ray; and then

»2-;\5 U, will be the difference in phase for the point R and the axial point of the exit pupil.

Similarly, it is arranged that 7, shall vanish when RT coincides with the axis of the
optical system.

§2. Let P, P’ be a pair of conjugate points upon the axis of an optical system ; and let
S, S’ respectively be the axial points of the entrance and exit pupils. Let a ray whose
direction cosines are (L, M, N), (L', M’, N’)
cut the conjugate planes through P, P’ in
/R o _® @ Q, Q respectively and the pupil planes in
n—q R' ‘ R, R'—the axes in the two spaces being chosen
according to the usual conventions. Let Pn,
P'n’ be perpendicular to the ray. Let the
p 5 5 p'  co-ordinates of Q, Q" be (Y, Z), (Y', Z'), and
. let (u — @) be the reduced eikonal with base

points P, P"; let U’ be the reduced modified distance from the object plane to the image
plane measured along the ray.

Then nQ == MY - NZ, #'Q" = MY’ -+ N'Z’, by projection of PQ upon nQ and of
P'Q" upon »'Q"; so that :

U =u—® — (MY -+ NZ) - (MY’ + N'Z)

o (M N N
D <M8M|—N,)N~|—M S0 N )(u o),

@

since

— O (g — fm e 9 (g
Y,-aM(u D), Y = ’)M’(“ ), &e., &e.

d_)‘ a0
If now v = X »,, and ® = X ®,, where v,, D, are each homogenecous and of
n=1 n=2

degree 2n in M, N, M’ N/, then by substitution

U = % v,— b 0, — ) 210, -+ 5 2nd,,

n =1 n=23 n=1 w=

(2%—1)02,,4—Z(anl)(l)z,, B e )
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1

Let 8P’ = d ; then the difference between R'Q’ and S'P’ is <T—,

if U, be the reduced modified distance from Q to R’

. 1\) d, and, therefore,

U, =0 +(1—L)d
= +(1—i,)..........(2)
From Part I
(3) = (M + N*)
so that
L'=[1-—@8)]
and
L@ =1 B @ sinee @) <1
Also . |
(3) = a« — 2B v, and, from the expansion for u (Part I, §6),
_(s=m)p | (s—m)(—m) , ,
| U = om Y -+ sm Y+ ..,
so that
- 2 — 3
Vy = (s zmM) Y, V= (s m;;;: m)Yg-

Then from (1) and (2)

correct to the fourth order in the variables M, N, M’, N’ ; this is all that is necessary for
a consideration of the first order aberrations. Substituting

__mp 3=m (P —m) . g
U, = o, 3lom(E—m. g,

—f R a2y L (3)

§ 3. Expression (3) gives U, in terms of the variables«, £, v ; in order to perform the
integration of § 1 (1) it is necessary to obtain U, in terms of co-ordinates upon the exit
pupil, and to this end «, B, y must be expressed in such co-ordinates. In the customary
notation

ad? = (M — sM')? 4 (N — sN')
Bd? = (M — sM’) (M — mM') + (N — sN’) (N — mN’),

y@ =M —mMy 4+ N —mNY, . ... (1)
VOL. CCXXV.—A, U
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140 MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS.
and Y, =mY = ;?1:71 ———mg—M— where (Y,, Z,) are the co-ordinates of the Gaussian

image point. Since

_(s=m)p_ (8 —m)(s—m)_, .

U=y + S v? 4~ higher orders,
therefore

/ §*—m o0 .

YI"——(M——WbM)(l»[—%SMmy)“ma—l\&, T )
and, similarly,

— (M — mM’ 18 =m ) 90 6 x—20 +y

p cos ¢ = (M mM)<1+2s_ Y> 8M’ Md(—[— 3 >

Approximating now from (2)
M—mM =Y,; M—sM = cos ¢, as a first approximation.

Again, as a second approximation,

M— mM’—-(Y +ma®><1_%83"‘my)

oM
-, <

M — M = ¢ cos & — 55"y (M — ) — s M(on—QB—[—y)d

) -+ 'm~—~"= + higher orders,

and

Applying now the first approximations to equations (1)
ad? = 92’ Bdﬁ =0 (Yl cos ¢ + Z1 sin ¢)’ Yd2 —_ le + le,

and using these results in the second approximation above

3
M-—mM’:Yl—~l( )3Y(Y +Z1’)+m A )
M—stzpcos?s_.%.g::”;)_ (Yo Z%) — gﬁ
g . .
+—23(pz——-—29Y1 cos ¢ — 207, sin ¢ 4+ Y * + Z2),

together with similar expressions for N, N’.
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Second approximations can now be obtained for the variables «, 8, v ; thus from (1)
by means of (3) and assuming as usual that Z, = 0

8-._.

ad? = ot — (;——T eY?cos ¢ — <cos b =2 EG L 1 gin¢ 8N’>

+ £ (M’ cos ¢ + N'sin¢) (p? — 2pY, cos ¢ + Y,?)

2 18 =My B —my, i @2)

Bd lecos</><1 2(S_m)3Y1> P )Y +mp<cos¢ —}—smqsaN‘*
@ Y.

- Y, th 1\—{%—‘(9’-2le cos¢ + Y,*)

3
2 4

yd? =Y, 5 —mp ) — Yt - 2mY,
These values may be substituted in §3 (2) and will give U, in terms of the variables
(e, ¢), which are co-ordinates upon the exit pupil.

§ 4. Let R’ be a point (p, ¢) upon the exit pupil ; let Q, (Y,, Z;) be the Gaussian
image, and let T be the point in the image plane at which
the light intensity is required. Let the polar co-ordinates
of T be (¢’, ¢’) referred to parallel axes through Q,; so
that the co-ordinates of T referred to the original axes of R
the image space are

N )

Y, +o'cosd’, Z,+ o' sing’. = E
Let RQ =17, and S'P'=d, where §', P’ are the axial points of the exit pupil and
object plane. Then

r2=d*+ (Y, —pcos¢ + o' cos¢’)? + (Z, — psing + o’ sin¢’)?

so that

ry=d [l-l— (Y, —p00sd)+(Z-p sing)*+20" cosd’ (¥, —p cos)+2¢'sing" (4, —psing)+ o2
0 2d?

— gléﬁ {(Y, — pcos¢) 4 (Z, — psing)* —2(Y, — p cos 4)? (Z, — o sin ¢)?

+ 4o’ (Y, —pcos¢ +Z, —osing ) (cos¢’Y, —pcos¢ -+ sing’ Z — p sin 96)}]
together with terms of higher orders.
§ 5. From §§ 2, 4

—m)?  3(s— 3__ _
Uy, =l Bl () oy go, g [2= 280 g g —2p 4y

4 Yy — 20Y, co84 4?4 2’ cos ' (Y, — pcosd) 4 2'sing’ (—psing) 4 o
2d

— 8—;_3 {(Yl — P 00895)4 + ptsint ¢ -+ 2p?sin? ¢ (Y] — p COS ¢)2

+ 4¢’ (Y, — p cos ¢2 + p?sin® ¢) (cos ¢’ Y, — pcos — psing cos )},
U 2
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where the first term in the expansion for 7, in §4 has been omitted since 7, must
vanish for the axial ray. Applying now the approximations of § 3,

— 3 __
Up+1 = _51”;<Y12 f i Y4 4 2mY, ai}) 3(s 8’1’)’1,(;4 m)Y 4

+ 30, — — (o — 2pY, cos ¢ +Y,*)

8d3
$3 —

+ %(Ml cos § -+ N’ sin 8) (6* — 26Y, cos ¢ + Yy) — 26, cos ¢

+ﬁ PﬂTww+

) MY —m 20,
+oY gt~ )3 2-2m YlaM}

+Y12~29Y1008¢+p -+ 20’ cos ¢’ ( 1*9008¢)+29 Sm¢>’(~psin¢>)+.o’2
2d

B §%i'3 {(Y,—p cosg)! -+ o*sin' ¢ -+ 2p%sin’ ¢ (Y,— p cos 4 )2},

= ) ST oy Zwo,p <cos ¢_8_g_{_ sih¢%%‘>

—2(p?—20 Y, cos ¢+ Y2)+ Yy —

where, in the last line, the terms in o’ are omitted as being of higher order.

Now the coefficient of SM‘*,, is < e C(o)ls ¢ §1>, v.e. (— M') approximately; and similarly

the coefficient of < %(11\1)1> is M, and, therefore the terms in @, reduce to
0] oo o®
<M’§MH N o it NG > ——40, . ... (1)

Again, the second order terms are

1 | lecos¢ Y2 Y2 oYycos4 o 1
2mY‘ + . 20" 2l 4 T 2mY12' - (@)
And
2d2(M’ cos ¢ + N'sin¢) (p? — 20Y, cos ¢ + Y,2)

1 ‘ . .,
—*QZZE(P“*Qlecos(;S +Y12)(Y1—*pcos¢2+ p?sin? ¢)

1
=l (e = 2Yicosg H Y, L L. L L. L. (3)

since pcos ¢ =M —sM’,  psing =N —sN Y, =M-—mM, O=N-mN'
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This term (3) together with the term — 8%3 (e — 20Y, cos ¢ -+ Y22, which appears in

the expression for U; + 7, given above, will cancel the last term, which is

1

~ (Y, —4Y%0 cos ¢ |- 6Y,%? cos? ¢ — 4Y,0° cos® ¢ + p* cost ¢ - o sin? ¢

4+ 2% sin? pY,* — 20Y; cos ¢ + p? cos? §)

= 8—:l§(Y14 — 4Y%6 cos ¢ |- 4 cos? ¢ | 2Y,%? — 4Y 0% cos ¢ - p*)
= - é—d"’ (Y2 —20Y, cos ¢ + p?)2

Neglecting, therefore, terms in o’ the only remaining terms of the fourth order are

Y14<’33—m—33““‘m) je, LE—m) oy

@\ 2m 8 m 8md®

\

and, finally, collecting thegse results

1 v ,8°—m Y,¢’ cos ¢’ !
%YI——F——@—]—‘—pa———-—%cos(zﬁ—W}.. (5)

Uy, = —5- Y+
§ 6. An expression has now been obtained for U; - 7, in terms of (p, ¢), the variables
of integration, but it has been assumed that the pole T (p’, ¢’) is in the Gaussian image
plane. The light distribution, however, is required not only in the Gaussian plane but
in neighbouring planes also, and, therefore, to
complete the investigation it is necessary to find
the modification in the form of U, - 7,, so that
these cases may be included. Let the notation be
that of § 4 and let T be in a plane cutting the axis
of the system at right angles in V; let VP’ =X,
so that X is considered positive when T departs from the Gaussian plane towards the
exit pupil of the system. Let the co-ordinate of T be (p’, ¢’) relative to the ortho-
gonal projection of Q, upon the plane through V. Then

B S, V PI

r? = (d—X)?+ (Y, —pcos¢ + o' cos ¢/ + (Z, — p sin ¢ - o’ sin ¢/)%,

and comparing this with the expression given in § 4 it is seen that d has been replaced
by d — X. Neglect terms in that paragraph which contain either p’ or fourth-order
terms, since in such the substitution of (d — X) for d will make a change of higher order :
the terms remaining are
Y.? —20Y, cos ¢ | o7
* 2d ’
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and the change occasioned in these terms is, to the degree of approximation contemplated,

o (Y 2 —20Y, cos ¢ -} p?).

Adding this to § 5 (5) the general value of U, 7, is obtained, correct to the fourth order ;
itis

Uity = — o LY, Y18l cog r 205 (4 — 4)
~I—2}§2(Y“+o——2Y1pcos¢) W

§ 7. Spherical Aberration.—If spherical aberration only be present then all the aber-
ration coefficients will vanish, except o, ; making these substitutions in the general

integral, viz., j e+ g8, we have the light intensity I at any point given by the formula

-~ ] . -
,\/[ —_ joemthvt%‘]'o (z\/t) dt}, e e e e e (1)
where the intensity at the Gaussian point is taken to be unity. Clearly the correct
generalisation for spherical aberration of higher orders is

' 1 ' -
V1 = Lei*‘ﬁi"tg”ft”"'Jo(z\/i)dt!- R )]

If aberrations be absent altogether, then, for the Gaussian plane, given by p =0,

- 1 - ’
Vi UJ (V) dt} - |2 (2) 3)
and this is the ordinary A1ry disc. For neighbouring planes
= 1 - |
Vi :[joewo(z«/z)dq, R 1)

leading to ordinary Lommel functions [¢f. Appendix §4].
§ 8. Let S’ be the exit pupil of radius p, and let

' P be the pole at which the light intensity is
b: < required ; let P be distant p” from the axis of the
Q 7 % instrument, to which PP’ is perpendicular. Let
A AB be the diameter of § parallel to P'P.
A

Then AP~ BP = QPCIZPI, approximately, if ¢, ¢’

be small compared with d ; so that the difference in phase at P between rays from A,
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.2 r, ’ .
Bis 2 —)\73 Eldi, i.e., 2"‘:119 or 2z. Thus, z may be used as a co-ordinate of P upon the
image plane.

Moreover,

) (Up47) = p22 4 vzt - €254 ..
= 2nn - 2nn, + 270, 4+ ...,

where ny, 1y, 0, ..., are the numbers of wave-lengths excess of phase of the extreme ray

over the mean ray, due respectively to plane shift, first-order aberration, second-order
aberration and so on.

§9. It is shown in the Appendix that the consideration of the general integral § 7(1)
leads to two expressions for the light intensity which are convenient according as z is
large or small. Thus, putting n = 0, n; =0 in § 3 Appendix,

U= Q—J—;—(i) , V. =: 0 and the light intensity is given by

=1 V2:4[J__lz(z>Jz . (1)
The light contours are therefore concentric circles with centre at the Gaussian image
point and the positions of the maxima are given by the roots of the equation

-

L(x=0 . . . . . . . ... .@

This is the * ATRY ’ ring system.
If n, =0, v.e., we consider only out-of-focus effects then substituting in §3 Appendix,
Uy = 2rn, By, =0 ; so that

Coyp = (_._1)r (27‘[%)2"" Core1 =0, d,ﬂ =0, dwﬂ — (Zﬂ%)z“l (___]_)r’
and therefore

I = U? 4 Ve

where
3
2anU = 4—7:%- J; () — (4.’3@> Jy(2)+ ...

Z

SV — — (4””\)3 J, (2) + (i*-’:ﬂ)‘ J, () — ...

Z

and these are Lommel functions. Similarly, an expression may be obtained for the
intensity in terms of Lommel functions of the second type and suitable for small values
of z (Appendix, § 5).

It is especially useful to consider the intensity at points upon the axis of the optical
system, and to this end the expression (2) in § 4 (Appendix) lends itself ; forifz =0

VI=|ul. . .. ... @3
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Now, in general,*
f — eipz+iva;2+i§z?+

T
a’nd U x = [ eiput+iut2+... dt .
== .
0

writing now p¢ = v, and remembering that px = 2rn, va? = 2nn,, ...

. __1__ 2m i(v+2 L5 02 +4‘7373” + . +§§"—f——,fs“v8+l+...)
ul—mjo e d, . . . . (4)
where n, refers to the aberration of order s. This integral, therefore, gives the light
intensity at any point of the axis in the neighbourhood of the paraxial focus ; it assumes
that » does not vanish. If, however, the lowest order aberration which appears be that of
order s, then

U, = <—1—>8:1 rmqez<vs+l+(2—""§:3__+2+"“$+”v e P (5)

27N 0

and this reduces to (4) when s == 0.
§10. (1) Let n, = 0 wheres > 0, t.e., consider only out-of-focus effects in the absence
of aberration. From §9 (3) '

so that
1 m\2
R

thus giving the known formula for the variation of intensity along the axis of the system ;
it is seen that there are dark points given by

n = an integer.

(2) Let m, =0, s > 1, d.e., consider the effect of first order aberration together with
out-of-focus effects. Then

—. 1 r""ef (”* o) dv

u
! 27 Jo

by a change of Varlable — + v —}— SV = =3 T ¢ this reduces to

\/I—lull—'

V ny imt? ‘

ez dt
2 an —_ +2~/1’h

(2)

and the value of this may be found at once from tables of FrRESNEL’S integrals.

* 8o including spherical aberrations of all orders.
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Actually, it is shown that

. A .
e —1 E’:I; (n+2m)? “/771 %11:{,2
Uy == . e? dt,
2V, T e

and it may be verified readily that this tends to equation (1) as n, tends to zero.

Liet now n, = 0 where s > 2, i.e., introduce now second order aberration. Then

27 i ( . op M ,3)
vt V3t i
u] feed ——~——1 j e 2mn? 2mp® dVU’

and this can be calculated by quadratures. To simplify the numerical work the term
in v2 may be eliminated by means of the substitution

nl ‘_‘)"_7_-6 ?‘lb_l ’ — l'%
2m2<”+ 3 3> ’

and then

1Y g 18 )
1/3 (1+§L)4n2 3 op [ Bumg—m®
" — ( 1 \ j Ny oz +'%"t{3n._,(47l:»)”3} (lf. L : (3)
! 4n,

S m e
3ng

Tt is interesting to notice that if aberration of order s only be present, then at the
(taussian image point,

1
a1 (4ng) $T1 ’il‘ w8t

u,::<~—1-—>3+1§ g du, .. . ... (4)

4%3 0

while for a neighbouring point upon the axis,

1

/ ay S il 4
— _1__>;‘i7 j“”“’ So e g, L (5)

U, =
4n, 0

§ 11. Some Numerical Resulis.—(1) By substitution in § 10 (1), the following table is
obtained :-—

n=0: %+ : % : 3 :L

I=1:0-8106:0-4052:0-091:0.

Thus if we adopt the Rayleigh limit, 7.e., assume that a 20 per cent. deterioration in
the central intensity is the utmost which can be allowed, it is evident that # = % brings
us to this limit. The axial intensity is, of course, symmetrical about the point n = 0.

(2) Assume now the presence of first order aberration (n,) only. By writing
n = —n, == 3, where 8 is any quantity, in the integral §10 (2), it is evident that the
axial intensity is symmetrical about the point given by # -} #,= 0, and this is the
mid-point of the longitudinal aberration; for the marginal focus is given by n +- 2n; = 0.*

* Of. below § 12.
VOL. CCXXV,—A, X
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Let n, = 1; then from §10 (2) the following table is obtained :

n= 0 : —% : —1: -3 : —2 : —3

I =0-0891:0-3650:0-8003:0-3650: 0-0891 : 0-0084.

The intensity at the paraxial focus falls, therefore, to about 0:09 when one wave-
length of first order aberration is admitted; but by changing the focus to n = —1
this intensity rises to 0-80 and thus reaches the Rayleigh limit. This illustrates the
great advantage effected by a slight change in focus. Outside the range included
between the paraxial and marginal foci the intensity falls rapidly, but it is worthy of
notice that there are now no dark points upon the axis.

(3) Let ny =0, n, = 0 where s > 2, 4.e., consider the effect of second order aberra-
tion in the absence of that of the first order. From §10 (5)

1 [(4%)“3 y_r( sy 4 u)
y S P) An)1/3 .
Uy == (4:%2)1/3 Jo € ) du H

the paraxial focus is given byn =0 and the marginal focus by # - 3n, = 0,* and,
assuming n, = %, the range of values of n given by 0 > n > — % has to be considered.
By quadratures I find the following :—

2n = 0 1 : 2.
I =0-4631:0-8720: 0-3811.

Thus the maximum intensity occurs here at less than a third of the distance from
the paraxial to the marginal focus, instead of mid-way as in the case of first-order aberra-
tions ; and 1t is evident that a little more only than half a wave-length of aberration
can be admitted in order to satisfy the Rayleigh condition. This, however, is in the
absence of first-order aberration ; if the latter be present as much as four wave-lengths
of second order aberration may be admitted. This is apparent from the following.

(4) The case of practical importance arises when aberrations of all orders are present ;
for it is usual to design a lens so that the paraxial and marginal foci coincide at full
aperture. The marginal focus is defined by

Z (s 41)n, =0,
§=0 "
so that
Z(s+1)n, =0,
s=1
if the foci coincide at full aperture.
* Of. below § 12.
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The simplest case in which this can occur is that in which aberrations of the first two
orders only are present ; then 2m, 4- 3n, = 0. Accordingly I have considered the two
cases (1) n, = —3, n, =2 and (2) ny = — 6, n, =4. From §10 (5) the values of
u, for these two cases are

(1) u, = J] cosg—{u3 + (2n —3) u} du,

=3

¢ 1t w o )
(2) u = 5 L cos 5 {u? -+ 45(n —8)u} du.

Quadrature leads to the following table :

S
ll

0O : 1 = 5/4 : 3/2 : 2
I =10-0776:0-8244 : 0-9378 : 0-7093 : 0-0912.

2 n= 2 : 2 : 2§ :3
I =0-4674:0-7336: 0-7778 : 0-2870.

Thus, in these circumstances, four wave-lengths of second-order aberration can be
tolerated. It is interesting to investigate closing down the aperture in case (2): let

the exit pupil be decreased to 1 of its full radius ; this is equivalent to changing the

12
values of #, n,, n, in the following manner ; #» is divided by 2, n, by 4 and n, by 8.
Thus

o1’ g

Ny, = — _2';’ — :‘lz_) and Uy == i J e?(u3+4"3(2n—3) w) d.u’
0

and quadrature gives

1N

n= 3 : 2L . 2

I =0-4502:0-7788 : 0-8660 : 0-9098.

It must be noticed that #’ in this table is equal to ¢ 2n’ in the integral ; and this
is written so in order to compare the results with those given above. The actual intensi-
ties in the stopped down case must of course be divided by two in order to compare
them with the full aperture case.

It is interesting to notice how the position of maximum intensity has moved : with
full aperture it is given by » = 2% approximately ; with aperture stopped down it is
given by n < 2.

Any other case of a combination of aberrations with the exit pupil stopped down
can be treated similarly by means of §10 (5).

X2
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§12. Formulew defining marginal focus.—Let PP’ be axial conjugates for a symmetrical

system and let Q' be an axial point near to

' P’. Let (u — ®) be the reduced eikonal for

PP’ then if K be the reduced eikonal for the
point P, Q" we have

= . . F=u-—-& 4 Aq,

where A is a constant and « has its meaning as in Part 1: the term Aa is introduced
because of the change of base point from P’ to Q'. Now if the marginal ray pass
~
ol

through Q' we must have M 0,

e, oo (Ax— @) 0,

since, for rays starting from P

_@__e/_ = mﬂ ~~~~~~ 0
oM’ oM
Thus if ® = — ¥ Ao, we have,
r=2
A-F2A0 +8A2 4 ... +rA 4 =0,
 de, Ax-F2A07 b ... rAer b =0,
so that with the usual definitions of 5, n,, ... n, ...
0o+ 2m; + 30y o b (5 1) .. =0,

giving the position (n) of the marginal focus in the presence of various orders of spherical
aberration.

§ 13. A diagram is appended (fig. 1) showing the light intensity in three cases : (1) the
Atry disc, v.e., the diffraction pattern for a perfect instrument on the Gaussian image
plane ; (2) the pattern in out-of-focus condition simply, the change of focus being
given by n = 1/x ; and (3) the pattern upon the Gaussian image plane in the presence
of spherical aberration of the first order of amount #, =1/x. The particular values of
n, n; are chosen to simplify the calculations and the formule used are those given in the
text. The general effect is seen to be to scatter the light into the outer parts of the
field ; the light contours are, of course, in every case circles, and the diagram shows a
half-section passing through the centre of the system of contours. The numerical
results, for the intensity, are as follows :—

z=0 : 1 : 2 : 3 : 4 : b5 : 6 : 7T : 8 : 9 : 10
Airy disc:1-000 :0-775:0-333:0-051 : 0-001 : 0-017 : 0-008 : 0-000: 0-003 : 0-003 : 0-000
n=1/w:0-708:0-549:0-247:0-088 : 0-044 : 0-037 : 0-014: 0-003 : 0-025 : 0-004 : 0-001
ny=1/m:0-676:0-536:0-259:0-072:0-021 : 0-022 : 0-017 : 0-002 : 0-005 : 0-003 : 0-001

I
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1-0
o1 Fig. 1.

° 8 U

) I=Airy Disc
N = Out-of-focus Plane
)\ ‘ (n=1/m)

60—\

I=Gausgsian Image Plane
(first-order aberration », =1/m)

Intensity

(o) i 2 3 4 5 6 7 8 9 10
§ 14. Coma.—1If coma be the only aberration present, then all the aberration coefficients
vanish except o, and the intensity is given by the squared modulus of the expression

. ,
Joe"*“’Jo (VPv — e)v — 2 (Pv —<e)cos | 220)dv, . (1) [App., § 6 (3)]
where
2d = Kkpp’, 208d* = kp0,Y,, 20 /0 = kpp', ed® = kp, XY, 2ud? = X2

This is the general expression for the intensity in the presence of coma, whether in
the paraxial image plane or not ; w has the same meaning as before, and the geometrical
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significance of £ is given below. If we consider only points upon the axis of the
coma-figure, 7.e., put ¢’ = 0, then (1) takes the form

1 — !
0

7;-&» ! oy 3i2 70182 ‘
emJ, (B2 — v dv, . . . . . . . . . . (3)

<0

where 2z’ = 2z -+ ¢ and therefore 2’ measures distance from the central line or the line
joining the centre of the exit pupil to the Gaussian image point. It is evident now
that a change in the sign of X, 7.e., of u, leaves unaltered the modulus of (3), so that
nothing is gained here by ‘ change of focus,” and the effects upon the Gaussian image
plane may be considered to be the most important. We study, therefore, the case
X =0; and from (1) the intensity upon the (raussian image plane is given by

VT = J J, (W2 — 22802 cosd’ | L) dv. . . . . . . (4)

Consider the geometrical coma figure. Let G be the (aussian image, and
the circle centre C, the coma-circle corresponding to an exit-pupil of radius p,.
Let P be the point (¢, ¢’) and let GC; cut the circle in Q. Then from Part I

2

all distances being modified and reduced. Thus

p 12Y1
PE

- kg1 o — KBy
b= TE T
will give the length GQ measured in the co-ordinates usual in this investigation ;
and

PQ? =22 — 2:p cos ¢’ -+ B2,
z =GP,

Though not of much practical importance, it is interesting to observe that the series
Appendix § 7 give at once two expressions for the intensity of illumination at the
(faussian image (t in the presence of coma. The expressions are

3p\y_ J.(8)
< ) 1.4...3n41°

VI = s

n=0

2

— o [2\n 1.2...3n— 4
T By Lo
'\/1 - ”:1 <@> Jn ((’) . gn

§15. The Light Contours—The image plane may be mapped out by drawing the
curves of equal intensity ; these will be the light contours. From § 14 (4) their equation,

in polar co-ordinates, is

1 -
LJO (V70 — 22817 cos ¢’ | 2% dv = /I =const., . . . . (1)
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or. in Cartesian co-ordinates,

1
JOJO (V@ -+ ) v — 2ypv* -k B*W) =const. . . . . . . (2
These have been drawn for the particular case =4, and are given below.* If p=0
then the contours are given by
Iy [(@ 1+ 9]
W == Gonst.,
and are therefore circles with common centre at the Gaussian image. If 8 = 0 then,
in the outer parts of the field, the contours are given by the first term in the series of
Appendix §7, so that their equation is
2ud, (uy)
7* — 4pzcos ¢’ - 3B
and, if z be large compared with £, the contours are given approximately by neglecting
B, ve, by

= const.,

241«(%&_1_) = const. ;

1
and, again, the AIrRY disc is reproduced, but the common centre is now at the point
(8, 0). Between two consecutive dark * circles’ will be a band of illumination ; the
intensity will be symmetrical as usual about the line ¢’ = 0, the axis of the coma figure,

but from the formula 2uJ, (u,)

VI= u,? — 2Bz cos ¢’ - 2p%’

which is the first term of the series in Appendix § 7—an approximation for the outer
parts of the field—it is evident that the intensity in the direction ¢'= 0 will be greater
than the corresponding intensity in the direction ¢’ ==. The light, therefore, is
scattered in the direction away from the head of the ‘ coma figure ’ in contradiction to
the result obtained from the geometrical theory.

§16. Tt is important to find the intensity upon the axis of the coma figure; put
¢" =0 in §14 (4). Then B . _ B
V1= LJMB\/QP —zVo)dv, . . . . . . . . (1)

and in this expression z may carry its own sign to cover the case of the line ¢’ = x.
Dark points occur upon the axis of the figure, and their positions are given by the roots
of the equation in #

1 — -
JGJ.,(B\/va\/v) dv=0.. . . . . . . . . (2
The positions of the turning values of 1/ are given, therefore, by the rootsof the equation
in 2 " . o
LJO (BA/v*— 20/ 0) Vodo = 0,
. l _ ’
ie., L J, (B0 — /o) dv = 0.

* In § 18,
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The roots of this equation will give, in general, the positions of the maxima of I, for
/I, as given by equation (1), has its maxima and minima upon opposite sides of the
axis of z in general. A minimum value of I is indicated, however, if the numerically
least negative root of (3) is less than the numerically least negative root of equation (1).
This happens in the case § = 3.

.__,:7
Fig. 2.
.._06
v ’\—.—.5
VI=[d G =iy dv
- |
*
‘@ 4
¢ g
)
g
=
=
~52
/
-_sl
NI R I SRR
10 9 8 7 © 5 4 3 2 1 O 1 2 3 4 5 6 7 8 9 10
Axis of z

Light Intensity along Axis of Coma Figure in presence of Coma of amount = 4.
The numerical values of the intensities, which are shown graphically in Fig. 2, are as follows --—

z . .. —10: -9 : -8 : -7 : —6 : —-b : —4 : —3 : —2 : —1:
Tntensity : 0-0001 : 0-0000 : 0-0002 : 0-0001 : 0-0004 : 0-0029 : 0-0054 : 0-0068 : 0-0150 : 0-0512 :

2 . . : 0 : 1 : 2 : 3 : 4 : b < 6 : 7T : 8 = 9 =10
Intensity :0-1749:0-3700:0-7286 : 0-7748 : 0-4931 : 0-1371 : 0-0003 : 0+:0513 : 0-0763 : 0-0268 : 0-0056.

z = 0 is the point G the Gaussian Image Point.
= 4 is the point Q of § 14.

The maximum value of the intensity is 0-80 (approximately) and occurs at the point z = 2-6.
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§17. The roots of (3), of the preceding paragraph, give the positions of the maxima
and minima of the intensity upon the axis of the coma figure: when drawing the
contours it is necessary to know whether these are positions of maxima and minima in
two dimensions. To this end § 14 (4) lends itself.

Let

— L
Fla,g) =vi= [ I VT 90— 2550 ¥ B0 o
If (A, k) be a small variation in the image plane, then

kaF

F(w—}—k,y+k)=]§‘(x,y)+|—i< N 1 >+@(h2axz+2k 122 >+..;

and if two contours cross, as at a ¢ saddle-point,” their directions are given by

h_ ¥R, \/<__82F J- o
k ox oy dx oy ox® oyt

Now upon the axis of ¢,

oF oF
7 = 0 i jJ (u)V/v d,
azF T, ( F _ o PR (W [
J’l v owdy 0 FIYa jo u do4 jon(u)vdv,
where u = yy/v — 81/0%.
Thus for true maxima and minima %B;, aa;; must have the same sign at the points
. oF ..
given by T 0; e,
[, 430 () = 3, ()} vdo

must have the same sign if
ﬂJ L (w)Vv = 0;

otherwise the point will be a ‘saddle-point.’” The condition may be expressed as
follows : maxima or minima do or do not occur according as

ﬂJo(u)vdv E‘j_:.]g(u)vdv l,

where

ﬁJl (v) Vv dv=0 and u = yVv—BV.

§ 18. Some numerical results are attached for the case in which g =4. They are
shown in the diagram, fig. 8. It will be seen that the central contours of the first
“ dark ring > are very nearly circles, but that the outer contours are elongated in the
negative direction of the axis of the coma figure ; the central maximum is at a point M
upon the axis of the figure (§ 14) such that GM = 2MQ very nearly, and the intensity

VOL. CCXXV.—A. Y
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there is 0-80 of the theoretical intensity at G in the absence of coma. This amount
of coma, therefore, brings us to the RaAyLEIGH limit. As the amount of coma is increased
the central intensity point M moves relatively towards the head G of the coma-figure,
until, when g = 12, M is very nearly midway between G and A, being slightly nearer
G than A. The contours depart now very much more from the circular form.

Light Contours upon the Gaussian Image Plane in the presence of Coma of amount § = 4.

. Dotted lines indicate zero contours.

1
Equation of Contours j Jo (V&% + 42 — 8yv? -+ 161%) dv = const.
0

It is evident from the diagrams that the light is scattered in a direction from the head
of the coma figure ; the intensity in this direction is considerably greater than that
in the opposite direction, and, moreover, the intensity gradient is much greater too.
This is the well-known ‘ comet * appearance produced by coma. The general conclusion
may be drawn that there is no similarity whatever between the actual (diffraction)
coma figure and that indicated by geometrical theory ; the latter shows a great intensity
near the Gaussian image point within the angle marked, while diffraction theory leads
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to an entirely different conclusion. It has been pointed out already that the outer parts
of the field approximate to the A1ry dise.
§ 19. Approximate roots of the equation

|7, (40 — 20" do = 0

0

are z =114, 77, 27, —7+7. The ‘radius’ of the first light ‘ring’ is therefore
104 in the direction M(, and 5 -0 in the opposite direction ; while in the AIry disc
the radius in either direction is 5-1. The distortion effect of coma upon the first bright
ring is thus very marked. The radii of the first dark ‘ ring * are respectively 9 -2 and 3 -3,
compared with the AIry disc 3-3; while those of the second ‘ring’ are 12 and 7,
compared with 7 in the case of the ARy disc. These again show central distortion
which tends to disappear in the outer parts of the field.

It is to be noticed that in certain cases an incomplete ‘ ring’ may appear ; e.g., in
the case p = 3, a root of

jl J,(8v —20")dv =10
0

oceurs atz = — 3 -5 approximately ; this, however, is a minimum value of the intensity
other than zero, and as no such minimum value is given for positive values of z a partial
‘ring ’ is formed—not completely surrounding the central maximum. In the case
B = 4, this has disappeared and an almost stationary value of the intensity is obtained.

§ 20. It is useful to interpret these results in terms of the departure from the sine-
condition. Let the paraxial magnification produced by an optical instrument be m ;
let the magnification calculated by the sine-condition applied to a marginal ray be
m (1 + ¢). Then if Y, denote the distance of G (§ 14) from the axis of the system

cY, = GQ S e e e e e e e (1)
(see paragraph following for proof). |
Now the Rayleigh limit is reached when B (= GQ) = 4, so that in this case

EYI == 4:,

and Y, is measured in the z co-ordinates.

Thus in the case of a telescope objective it would appear that ¢ = ;% would give
an ample field in which the Rayleigh limit is not exceeded ; this then gives the permissible
departure from the sine-condition in this particular case.

§ 21. The Sine-Condition.—Let the diagram
represent a symmetrical optical instrument with
axis PP’ and let P, P’ be Gaussian conjugates.

Let (L, M, N) be the direction cosines of a ray A

passing through P and inclined at an angle 6

with PP’ ; if spherical aberration be absent this

ray will pass through P’ after refraction : let (L', M’, N’) be its direction cosines and 6’
Y 2
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the angle which it makes with the axis. Let m be the Gaussian magnification associated
with the points PP’. Then in the customary notation
cos 0 =1L, cos 6/ =1 ; so that

sin 0 M2LN? 4 —98 4y
sin?® M2 N2 gmPe — 2smp -+ sy’
» <msin6’>2__ «—28 +v
e sin® /

8 s\
—92 2

e e < m> Y
Now since P, P’ are upon the axis, 7.e., Y, = 0, it follows that

2 e 2 P COS bar) _FSin(ﬁ /]
ad; p? 2p[cos¢aM,—[—squaN,], [ 7 M -+ 7 N,

dezmp{:GOSqS —}—smg{: }
vd? = 0.
And
M—mM =0, N—mN =0, M—sM =pcos¢, N—sN' =psing . . . (A)

approximately ; so that
M'd-+ pcos¢d =0
N'd -+ psin ¢ =0 since d=s-— m.
Then by substitution—

2 2 | , 00 /aq)]___2 ’2 o\ aT 2 [ ,a(I) -~ ,8(1)]
ad? = o? - Qd[M TN | e N =g 4 2a | 2D 4w 20

Sl L2 Th R PESE
B2 — md[M TN = —a +N8N
therefore
T )

sin —2-‘-?-@

2T 72 / a fa . >
oL +2d<M o wl pmd N2

- 27 72 1] ’ 8 h >
o'LL +2d(w O NLEE d(M +N8N
2 2 / ’
_ L +2d<M 8M’+N8N’+M i+ N )
2T 72 ’ ’ a _ a
L+2d<MaM,+NaN,+M PN 2 ) Y <M +NaN>
_ oL | 84D 0

52 | 8D %@( o Q‘P)
PALEA-8d0 4 =5 (Mo + Nog
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since @ is homogeneous and of degree four in M, N, M’, N, if we consider only the first
order aberrations. Thus,

(sin O\
(m e ) = 1 — v approximately,
where
2L (u G+ N Lo
1 2L/2 + S(I)d (2)

Now from the definitions of «, B, vy (Part I)
0 _ a0, Erd
oM~ M o« ' oM ap | oM oy
M—sM’_a___I_M—sM 0
(s —m)? 0a (s —m)® 0B’

== a o)

__I__

since M -— mM’ = 0 here,

and similarly

2 _N-N(y0, o)
oN (s — m)2<28a - B/’
so that
0 Vo M(M——sM’)+N(N—sN’)< 0 0
<M +N8N> (s —m)? O +5§>®
Mpcos¢—|—Npsqu< 9 _Q_)
8
— _me'(g 8
: <28 +3B>(D from (A)
If coma only be present ® = — %’ap ; so that, from (2),

0 (L% 4 80d) = 22218758 (9 1 ),
e, nde’L"* = po,x,
since 3, @d, are each of order four in small quantities,
ne., nd? = o,p?.

But in the geometrical coma figure (§14), if Y, be the distance of G from the axis
of the instrument,

oy 7Y, 7Y,
GQ - 2 d3 b
so that
1Y, = 2GA.
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Thus sin 6

e ™ (1 -F¢) where ¢Y,= GA,

and this is the result used in § 20.

§22. Curvature of the Field and Astigmatism.—The co-efficients o;, 6, govern curvature
of the field and astigmatism ; if o, = 0 astigmatism is absent. The appropriate forms
of the general integral are considered in the Appendix.

Let o, =0 and let the diagram (fig. i) represent

Fig 1 ' |p curvature of the field — the notation being as in
Part T; P is the Gaussian image and CP=Y,. Then
.- GP = G3Y}2, to the first order, where EP cuts the image
E d 2d?

surface in G so that G is the actual focus corresponding
to P, the Gaussian focus. Thusif in Appendix § 8 (4) we put X = G‘”’;gf = (P, i.e., if we

consider a receiving plane passing through G we have the integral,

, ' J, <Q1_Q>
2r jplp(lpJo KE_PQ> leading to 2 4 A e )
0 d

)
: d
and this gives the AIrY disc, the centre of which is at the point C = 0, 7.e., from Appendix

XY,

d

Let Q be the point C (fig. i1) in the plane X = 9%2 and let p be

the ofthogonal projection of P upon this plane and M the point from

Xgl that M

§8(3), a point at a distance below the Gaussian image and in the plane X.

which Cis measured. It is evident from the relation Mp =

is the point G of fig. i-
§ 28. Thus we have the general result; for varying positions of the
receiving plane X, the diffraction pattern is a ring system whose centre
lies upon the line joining the midpoint of the exit pupil E to the Gaussian image P, and
for the particular plane passing through G the central intensity is unity. It is interesting
to interpret these results in terms of the Petzval sum @ in order to discover what value
of w is permissible. It may be remarked first, however, that if one object point only be
present (a star in the case of a telescopic system) then a suitable change of focus will
give the ATrY disc whatever value @ may assume ; but if several stars be in the field of
“view, to be examined simultaneously, then unlimited change of focus is not allowable.
For one star disc will satisfy the Rayleigh limit for one set of positions of the plane X,
another for another set, and so on, and that value of w is required which will bring
within the Rayleigh limit all the star-discs for at least one position of the plane X.
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KX/PIZ
24 .
its position when passing through G (fig. 1). Then the intensity along the line EP is

given by
sin zwn\?
< >(1)
N

as appeared when considering ordinary out-of-focus effects. And X' =X -} GP if
X, X’ be measured in the same direction ; also o3 = wd?, since o; — 6, = wd? in general,
where w is the Petzval sum. Thus

6P =Y . . . . ... ... (2

Let

= 2rnn, where X' measures the lateral shift of the receiving plane from

Now it is known that # = 1 brings us to the Rayleigh limit (§11, Pt. IT), 7.e., in this case
the value of the intensity is -80 ; so that P will satisfy the limit, provided that

kptwX )y @
2d* 2 2’
. 2
i, oY > (4 2,
\p/ kK

or, since kA = 2r, where A is the wave-length of the light considered, provided that
/7\2
wa»@x. e

If, now, there be several stars whose images are ranged from P to G+ we may place the
receiving plane midway between G and P ; this is equivalent to the admission of a value
of GP—and therefore of w-—twice as large as before. Thus the value of @ as determined
(as a limit) by (3) may be doubled, or, if & be kept fixed, the radius of the field may be
multiplied by /2. ‘

As a numerical example, let us consider the case of a telescope in which

d = 30p,
u.e., the ratio of the aperture to twice the focal length is 1:80. Then (3) gives

wY;? 3 9002,
i.e., wY,;? 3> 054, taking » = 0°0006 mm,

Thus, taking Y; = 2-5 cm., the limit for = is
@ = 00009 (approx.),

and to find the limit when change of focus is admitted this figure must be doubled.
§24. Inthe general case, if o, 3 0, astigmatism also is present and the general expression
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for the light intensity is obtained in Appendix §8. The resulting integrals admit of general
integration and then can be made, immediately, specialisations of considerable import-
ance. Before proceeding, however, to this it may be well to draw some general
conclusions from the form of the integrals :—

(1) the integrals are unaffected by a change in the sign of ¢’ (¢.e., by a change in the
sign of ¢): thus for any position of the receiving plane X the light contours are
symmetrical about the line ¢’ = 0:

(2) the integrals are unaffected by the addition of = to ¢ : the origin, therefore, is a
centre of symmetry for the contours:

(3) on differentiation with respect to ¢ it becomes evident, by putting ¢ == ¢, that the
contours cut the line ¢ = 0 at right-angles.

These results might perhaps have been expected from the geometrical theory of
astigmatism.

From fig. ii, §22, it is evident that (£, ¢) have replaced (z, ¢’) for the general case of a
plane near to the Gaussian image plane ; £ is the distance of the pole Q from the origin M
measured in the usual co-ordinates, and M is the centre of the diffraction pattern for the
particular plane under consideration.

§25. The Distribution of Intensity along the Central Line.—Let P be the Gaussian image
point and E the axial point of the exit pupil ; join EP. Then, as in the case of simple
curvature of the field, the central maxima of the
diffraction patterns for various positions of the

\BK - receiving plane will all lie upon the line EP, and
FZ

/pﬁ% this line may be called the central line. Let a

receiving plane cut the central line in G ; let F,,
F, be the ‘ primary’ and °secondary’ foci, and
M the mid-point of the astigmatic separation F, F,.
It is important to obtain a knowledge of the distribution of intensity along the central
line EP. This may be obtained from the general solutions of the integrals given in
the Appendix ; or, it may be obtained more simply as follows,

From Part I the distances of F,, I, from the Gaussian image plane are given by
2Xd? =Y (o3 + 204), 2Xd? = Y %0, respectively, where Y, is the distance of P
from the axis of the instrument. Thus [X]d? = Y,%c, gives the astigmatic separation,
.e., Iy F, approximately (whence it is evident that the coefficient o, controls the
astigmatism).

Now the general integral to be considered is

/

E

S = Jmpdpew* [T ag,......App. §9 (3)
0 0

since £ = 0 upon EP ; where yo* = %pz—z {X e Yi (o5 -+ 264)}, B =~ 8 =1
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Write et Y ,
0t = S X ot o) | — [Ny
g B

2?

-

where I' = 22—2—4 {X dz (03

the point M.
Then

} and measures, therefore, the separation of ¢ from

om
[ eiﬁ_sinz«ﬁ—i(ﬂ/:e) d(ﬁ

v 0

(43 N
S = j pdpe™
0
(2] 2m
— f Pdpeivp?-j g i
0 0

:znj”‘pdpefl'f;ro(s/z). A €3
0
Then if we write 8 = Z2ap?,

F=2n jz pdpe™ Jy (%)
e jpliei{vu Jo (O(u) du, . . [ N (2)
0

by change of variable. The intensity at the image point when o; == 6, == 0 must be
unity, .e., when I' = 0, « = 0; then (2) reduces to mp,?, so that the expression whose
squared modulus is equal to the intensity is

—gjple"”ifo(ocu)du O €))
P, Jo
Let now » be the number of wave-length units of astigmatism, 7.e., let 2mn be the excess
of phase difference for two extreme rays from the exit pupil to F, over that for two
extreme rays to I¥,; then

2up,” = [X] = 2mn == 2u (say).

2d2
Similarly, if #, measure the distance MG,

Lo = 2mn, = ) (say) ;
then (3) becomes

j:ei“Jo(pt)dt' R )

It is evident that the intensity distribution depends upon the difference between the
curvatures of the two focal surfaces. .

§26. Some Special Cases.— (1) Let p. =0, i.e., consider a system free from astig-
matism, but not necessarily free from curvature of the field. Then (4) reduces to

l.
Le“tdt,...........A.(].)

VOL. CCXXV.—A, Z
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1 7 \‘2 . . -
so that the intensity is given by <Sﬂ1—£ﬂ—’) as in § 23 (1), and the field may be curved or
T,
not.
(2) Let =0, i.e., consider the intensity at M, the mid-point of the astigmatic
separation. Then (4) reduces to -
[Jowan .o @
(3) Let » — p =0, i.e., consider the intensity at the primary focal point ; then (1)
reduces to -
je’““Jo(gt)dt,. N ),
0
while at the secondary focal point 2 -+ u = 0, so that we have
1 .
je‘““Jo(y.t)dt, e Y
0

and it is evident that the intensities at the focal points are equal ; indeed, since in (4)
a change in the sign of A leaves the modulus of the integral unaltered, it follows that the
intensities are symmetrical about the point M.

Numerical Results.—From (2) above the intensity at the mid-point M is given by

_ 1
VI= | 5 (ut)de,
0
1
andj Jo (1-20) dt = 0-8863, so that I =0-7855. The quantity of astigmatism repre-
0
sented, therefore, by w =1-2 brings us to the Rayleigh limit: let [X] be the

astigmatic separation; then [X]= Qd; 2u. As a typica,l case, let d = 30p (in a tele-
. ke
scopic system), and let % = 0-0006 mm. ; then
[X] = %(30)2. 2+4 = 0-41 mm. (approx.).

This then gives the maximum permissible amount of astigmatism.
By the evaluation of (3), (4) it may be shown that the intensity at either of the
principal foci is given by the squared modulus of the expression -

§@<€&>1 R )
n=0(l@2 2 \’I’I/—[-‘l’
and this lends itself to rapid numerical calculation. The intensity in any other case is

most easily obtained, perhaps, from quadratures of § 25 (4) ; it is given also, however, by
the squared modulus of the expression

1 = |2n w1 e i W)
7;(“__)\)7&:0(!&)2{2(“_)\)[ pi,li |n+79 N ()

and this, in the cases of practical importance, lends itself to fairly rapid numerical
evaluation.
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In §29 below it is shown that astigmatism of amount p =1 leads to an intensity
represented by 0-780 at either principal focus : on account of the shape of the contours
(Fig. 4) an image plane will be placed naturally so as to pass through a principal focus,
for in this position the resolving power will in general be greater than in any other
position. From this point of view, therefore, the maximum permissible astigmatism is
about 0-34 mm.

§ 27. The Light Contours.—The general integral to be considered is

S‘ (P, LIJ) _ J‘Plpdp J2"ei1‘p'z_if, cos p—p—=1(B/2) cos 20 qu
0 0

2m

PL e
:[ pdpj eﬂ‘pz—mgsm¢—¢+@(ﬁ/?)cosz¢ dqs’
<0
)

0

by means of the substitution of <g + ¢ ) for ¢
NOW S <,__, I" ,‘I', _{__ %> — jpl PdP jzﬂe—-il‘p‘l—ié sin g—¢—1(B/3) cos 2 d¢’
0 0

so that 7
: S 0] = [s(=T. 4 +F)

Thus, a change in the sign of I' produces the same effect as an addition of % to ¢ ; the

diffraction patterns at equal distances on either side of I' = 0, 7.e., of the point M, are
therefore identical ; the one is turned, however, relative to the other through an augle

721. It is interesting to observe that the equations of the light contours may be written

as follows in particular cases :—
(1) those for either of the planes through the foci I, F,,

p om .
j lpdpj e-ri§ cos (p—P)+2iu cos® d¢ == const. 5
1J0 0

(2) those for the plane through the mid-point M of the astigmatic separation,

jplpdp jQw 6-—% cos (p=¥)—iu cos 2¢ d(ﬁ = const.
0 0

§ 28. From Appendix § 10 the light intensity in the general case is given by the squared
modulus of

& Yo U,
271.2210—2*"?%'2—2%, O (1)

\Vhere Un+l f— [zZn+1 e’inZJ” (Z) dZ
0

eI 2n+3 )
T ez
and

Vou = @ozpe 2l gipapelaa@ g

Z 2
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so that V, is a generalised Lommel Function. The expression whose squared modulus
gives the light intensity may therefore be written

IR
2” —0 2n |ﬁ (ZLVZ2)n+l (g)

It will be remembered that the term vZ?* measures the separation of the image plane from
the primary focus. '

In the cases of practical importance (3) reduces very considerably. For example, if
we consider the plane passing through the primary focus, we have 2Xd? =Y * (a5 -+ 2a,) ;
g0 that in the notation above used vZ% = 0, and then

Vn+1 — ,‘Iuﬂﬁ(.,_z) .

(—Z’i‘lzg)’”'l B i+l

The expression (3) becomes, therefore,

> Jpi1 (Z)
2 yZn n+1 .
2R b W

and this will give the intensity over the plane passing through the primary focus ;
by the symmetry already shown to exist it will give also the intensity over the plarie
passing through the secondary focus. We must remember, however, that the light
contours are turned now through a right angle.

For any given plane much information can be obtained from a consideration of the
intensity distribution along the principal-axes of the contours for that plane,

T

i.e., along the lines defined by ¢ =0, ¢ = 5 If ¢ =0, then
Ja—— @I}z [ — 2” n
oo = g 1 = gy ()

and (8) takes the form

$ 120 v Vi )
2w e )

From the symmetry already indicated this expression will give the intensity not only

along theline ¢ = 0, but also along the line ¢ = g- For the primary plane v =0 and

then (5) becomes |

 12n . J,.,{Z .
zz(l@(m)—r() S
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while the intensity at the primary focus is obtained by writing Z = 0, and is given by

% |2n 1

~

Zn%“(li) (’Zp.) 2"+1|7H1 e e e e e (7)

] | EOW<§> e (8).

These expressions are all susceptible of rapid numerical calculation.

The plane passing through the secondary focus is defined by vZ? = —2u, and
that passing through the mid-point of the astigmatic separation by vZ* = —p.
The intensity distribution along the line ¢ =0 in the secondary plane is given
therefore by (5), which takes the form

(9)

where

The intensity along either of the axes of the contours in the mid-astigmatic plane is
given by (5), which takes here the form

— 5= Ve
Lslmy, (10)

where

yey \nt1 Yy \n 2
Voo = (3 0 @+ (2] 3 +

In all these formule Z is the distance from the centre (of the contours) to the point
under consideration ; usually Z is multiplied by the factor cos ¢, but here ¢ = 0.

It has been pointed out that owing to the symmetry of §27, the above formule are
sufficient to give the intensity distribution along each of the axes of the contours,
and the formule are convenient for numerical evaluation. Other formule may be

obtained, but they are not so convenient for numerical work : e.g., if ¢ = % thenZ =10

since Z contains the factor cos ¢. Thus (3) becomes

2 w J 2n. Vn +1
| V2o @y
where now
V ('iVZz)7l+l . (ivz2')n+2

n+l ‘n—*‘l ln+2 ey
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vZ2 of course will not vanish because v contains a factor (cos ¢)-1. 1In the particular case
of the primary plane (3) becomes

R € §
0 227&!_?:?_/ §n~l— 1 (11)

The general results now obtained have been derived from equation Appendix § 9 (3) ;
they might equally well have been derived from equation (4) of that paragraph.

(»]
U

Fig.| 4.

Light Contours upon plane passing through Primary Focus, in the presence of Astigmatism of
amount g =1.

§ 29. Numerical Results.—By means of the above formule the following results have
been obtained for the case in which p. == 1; ¢ measures the distance from the centre of
the diffraction pattern :—

{ = 0 : 1 : 2 : 3 : 4 : 5
$=0:1=0-780 : 0-600 : 0327 ¢ 0-053 : 0-004 : 0-019
= :25 T =0780 : 0-654 0 0337 : 0-143 : 0-087 : 0-056

These figures show the existence of focal lines as modified by diffraction ; the contours
are as in the diagram (Fig. 4). The above figures refer to the plane through the primary
focus, but as indicated above the contours for the plane through the secondary focus
are exactly similar except for a rotation as a whole through a right angle.

It will be seen that the above amount of astigmatism, denoted by @ = 1, brings us
very approximately to the Rayleigh limit for the planes passing through the two foci :
and in this case the least radius of the dark ‘ ring "—given by ¢ = 0 above—is a little
greater than 4 as compared with 3 -8 in the Atry disc. Thus, for the purposes of star
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resolution this amount of astigmatism is negligible. IFor the mid-astigmatic plane the
radius of the first dark ring is greater than that for the * focus’ planes; indeed, it is
intermediate between the cases ¢ =0 and ¢= =/2 shown above. Thus, for star
resolution the two extreme planes are used instead of the middle plane.

§ 30. Effect of Distortion.—Let all the aberration coeflicients vanish except o5, i.e.,
let distortion be the only aberration present. Then (¢f. Appendix) the light intensity
I is given by

o Ch
J, (Kot
Vies T (1)
1= R
d
where
¢ = &Y:i2_2/005¢/(&ys 4+ o (2)
o ° o ) TR

and we consider only the Gaussian image plane given by X = 0. Let P be the pole
(¢'s #'), G the Gaussian image point and A the geometrical image point, as displaced
by distortion. Then, from Part 1

3
— GsYl

GA =37

and C? = AG? — 2 GP. GA cos ¢’ + GP2:= AP2 from (2), .c., C = AP:
also external angle GAP = ¢ (Appendix § 11).

We have, therefore, as the diffraction pattern, the A1ry disc with
centre A. Thus, the pattern is the same as in the non-distortion case G -
except that it has a new centre at the new (geometrical) image point.

Let now X 3 0, 7.e., consider the effect in a plane near to the Gaussian image
plane ; here now

- X 2 / ’
m+%;§@>+c%%@—¢x... LB

where

2 b Y \? 5Y13 Yl 12 3
Q2 — <2G_d_3Y13 _ X;f) 9y <62d3 — X71_> cos ¢ + o™ (¢f. Appendix §11.)

and ¢’ is independent of o, ¢. Thus (¢f. Appendix) we are led to the integral

M X 04
et a ()

and this is the integral which occurred in the consideration of ordinary out-of-focus
effects in the absence of aberration ; it leads to ordinary Lommel functions and the
results obtained before may, therefore, be quoted.
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Let fig. ii be the orthogonal projection upon the plane X of fig. 1; let Q be a point
upon GA such that :

GA:X%.‘.,.......(M

so that ¢/ = QP,

The diffraction pattern, therefore, for a given value of X
consists of a series of concentric circles with Q as centre ; from (5)
above the locus of Q for varying values of X is the straight line
joining the distortion image point and the centre of the exit
pupil.

From the Appendix the expression whose squared modulus
gives the intensity is

(Jzn'm

Ji (%) 2 2()
{(47”/0) — (4orun) } S (1))

2min

where kX p? = damnd?, koC' = zd.”
The diffraction pattern is the same as that given by out-of-focus conditions in the
absence of aberrations, except that there is a change in the position of the centre of the

rings corresponding to a change in the focussing plane.

Partr III.

§$ 1. The Annular Aperture.—Let the central portion of the exit pupil be blocked out
s0 that the aperture consists of an annulus between circles of radii p;, «p; where 0 =a=1;
then in the notation of Part 1I., § 1

S == mp,® (1 — o)

and the expression to be considered is

1A ‘( (,l j u(Ul-!—To)d . 1
nplz(l _“2) up,p ¢ 06 ¢ - ( )

Neglecting the aberrations of the system, so that
U, -1, “':"‘—“COS(S{’ ¢'),

in the usual notation, the expression (1) becomes

1 jpl d rw —(pp'/d) cos (b—') 2 S de J, ( >
Y 2" T e = e
ao,” (1 — o) amp °Js el (1 — o) aplp d

R ) N C)

1—*l 2 : oz
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where zd = kp,p’ as usual. Thus the light-intensity 1 is given by

vr—sz“twﬂﬁm........(m

Tl — z az |

This clearly reduces to the A1ry disc when « = 0, and in any case the diffraction pattern
consists of a series of concentric circles, the centre being at the Gaussian image point.
The radii of the dark rings are given by the roots of the equation in z

Ji(z) —ad(e2) =0, . . . . . . . . . (4)

while the maxima are given by the roots of

I, () — 2T, () =0. . . . . . . . . . . ()

The first root of (4) in the case « = 1 is just less than 3-15 ; with full aperture « = 0
the first root is 3-83. As o tends to unity, the expression (3) tends to J, (z) and the
first root of this is 2-40 ; thus an increase in o gives a decrease in the radius of the
first dark ring. The ﬁrs’c root of (5) is 4-8 approximately if « =%, while when « =1
it is 383 ; and these compare with the value 5-14 when « == 0. There is, therefore,
a decided gain in resolving power, since this is measured by the radius of the first dark
ring ; and the radii of the first bright rings decrease as « increases. This gain is, of
course, counter-balanced by a loss in light due to the cutting down of the exit pupil,
and thus the advantage obtainable depends upon the brightness of the stars under
observation. The diagram given (fig. 5) shows the intensity distribution ; it is evident
that the decrease in « makes the successive rings relatively brighter while decreasing
their size.

§ 2. Let us assume now that first-order spherical aberration is present combined with
out-of-focus effects. Then, as shown in Part II., the expression to be considered for
full aperture effects (« = 0) is

1 .
joe?rri(nt'l‘mt?) JO (z '\/t) dt’ . . . . . . . . . (1)

where n, n, have their usual meanings. From this has to be subtracted the integral
due to the portion of the exit pupil stopped out, in order to obtain the effect due to the
annular aperture : the intensity at distance z from the axis of the system (assuming
an object point upon the axis ; there is no loss in generality in this) is given, therefore,
by the squared modulus of the expression

1

l—«

fee X - 1o , -
21Lé”m“wﬁh@xﬁﬂh—-ﬁfe%M“”WW>%(axﬁ)m},. NN

0

where 7 = az,
_ 1 .
e s ey L )

VOL. CCXXV.,—A. . 2 A
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1-0

Fig. 5.

oo 1
A
||

o 1 2 3 4 5 6 7 8 9 10
Light Intensity, upon Gaussian Image Plane, with Annular Exit Pupil.

I Amy dise: vT =—2J; & a=0.
- J.(2) lJ1 (2/2) .

II. JI:%{ . ———45————2/2 o =4%.
III.  Limiting Case: vI = J; (2) o =1.

In the second integral of (2) the factor «®*? has been applied to the quantity n,
because the aberration of order s depends upon the (2s - 2)th power of the radius of
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the exit pupil. Expression (3) gives the general intensity at any point and the integral
may be evaluated by the methods given already. Much information may be obtained,
however, from a consideration of the axial intensities ; for this purpose, put z =0
and we have

1
- 1 2[ 621”1 (nt+me2+ .. +ntS ) dt’ . .. L. . . (4)
— o

a2

this being the obvious generalisation to cover spherical aberration of all orders.
1. Consider first simple out-of-focus effects; (4) becomes

: 2
1 Jle%int dt = erinti+ad S 7'6%(1 — % ) .
— o Tl — )

so- that the light intensity is given by

= sinan (1 — o) N
\/I~-—7't;b—(l__—d2)—(o)

From this formula it is evident that the distance between successive dark points
upon the axis is given by [#] = 1/(1 — o?) ; this tends to infinity as « tends to unity,
as, indeed, is obvious from the consideration that in the limiting case the aperture
reduces to a circular rim. The expression (5) shows that the intensity distribution is
symmetrical about the point given by n = 0.

It has been shown that, if « =0, » =1 brings us to the Rayleigh limit in the

case of a full circular aperture ; here, however, n = brings us to the limit,

1
4 (1 — o?)
so that the permissible departure from the Gaussian plane is increased in the ratio
1:1— a2 ‘
2. Consider now out-of-focus effects combined with first order aberration ; then we
have the expression

1
Now
N N
j t e g ¢ 20 jm ¢ di
« 24/ n, :/7—;:+2a2~/n,
by change of variable: thus
Do g
— , 1 7 AL mt? ,
'\/I = ——-—-————:J ™ e? dt . . . . . . (7
2(1-oc2)\/n1 W " )

n

and the value of this may be obtained at once from tables of FrusNEL’s Integrals.
(3) In general, in the presence of aberrations of all orders, the light intensity is given
by the squared modulus of (4).
242
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Numerical Results.—1 find that if in (7) we substitute @@ =%, 0 =-—1, n, =1
we have
— 1 imt?
VI = j K dt‘,
0

so that I == 0-8003. Thus with this value of « one wave-length of first-order aberra-
tion, combined with one wave-length out-of-focus, brings us to the Rayleigh limit.
It is interesting to notice that at the Gaussian image point we have in this case

- 2 imp
VI = Je2 dt},
1

so that I = 0-0940. Here, again, the beneficial effects of a slight change in focus are
manifest.

§ 3. Let us assume that coma is the only aberration present ; then it has been seen
that the most important case to consider is that of the distribution upon the Gaussian
image plane. From what has preceded we have the formula

\/T::j:JO(\/zzv—Qszzcos,qS’—}— B8%0%) do, N ¢ )

giving the intensity at the point (p/, 4#’). The expression, therefore, in the case of the
annular aperture will be

- 1
’\/Izl__aZ

r?JO(\/zzv——22@@20039&’4,« R N )]

in the usual notation : so that the intensity upon the axis of the coma-figure is given
by

VT:Tl?jino(BV5§~ZVv)dv. N )

The dark points upon the axis are given by the roots of the equation in z

j”;;ro(gaw;é*z\/;)dv:o, A )

while the turning values of I, upon the axis, are given by the roots of the equation

1
[ Bo—wmyav=0;. . . .. ..
as before, these will be maxima of T in general.

TFrom the numerical evaluation of (3) it becomes evident that larger values of 8 are
admissible, before the Rayleigh limit is reached, for the annular aperture than for the
full circular aperture; with the latter it has already been shown that p = 4 reaches
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1-:0

| ®

Fig. 6. 81

Intensity (/)

@.
® 1 @
AV I v

1 O 1 2 3 4 5 © 7 8 95 10
Axis of %

©)

o 9 8 7 6 5 4 3 2

Light Intensity in Presence of Annular Exit Pupil and Coma to the Amount p = 4.
— | R - -
VT = T—a L2J0(4~/v3 — 2v/v) dv.

(1) & =0, 1.e., full circular exit pupil.
(2)a® =3, t.e., annular exit pupil.

(3) @ =1, i.e., limiting case in which annulus becomes very narrow :—+'I = Jo (4 —2).

the limit and gives a maximum intensity of 0-80 times the theoretical maximum for an
aberrationless system. Putting, however, 262 =1, 8 =4, 2z =3 in (3), we have
- 1 _ -
V= zj. T, (44/7 — 3+/3) dv = 09530,
05
so that I = 0-9082; larger values of { are, therefore, admissible. Indeed, putting
262 = 1,8 = 6,z == 4-75, we have

Vie zj J,(64/% — 475 4/5) dv = 08712,

1
0
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so that T == 0-7590. Thus p = 6 brings us approximately to the Rayleigh limit in this
case. The annular aperture leads to a smaller relative loss of intensity for a given
field, or, on the other hand, it increases the field of view subject to the Rayleigh limit.
This is indicated by a consideration of the limiting case, in which « -~ 1 and the aperture
becomes a narrow rim ; for from (3)

"\/T::Jo(ﬁ_z), e e e e e e e (6)

in the limiting case. Here, of course, the absolute intensity is zero, but nevertheless
for bright stars we may approach this case. Kquation (6) would indicate a relative
maximum of unity for all values of 8, 7.e., for all amounts of coma present. The centre
of the diffraction pattern is moved a distance 8 from the (taussian image point away
from the axis of the system. This equation refers only to the axis of the coma-figure.
More generally we have from (2)

VI=d(u),. . . . . .. o

where u? = 22 — 228 cos ¢’ - B2 and so u, is the distance from the point (B, 0) in the
coma figure. The diffraction pattern is, therefore, a series of concentric circles with
this point as centre, and the radius of the first dark ring is given by the first root of
Ji (2) = 0, s.e., it is 2-405, and that of the first bright ring is 3-832.

There is, therefore, a decided increase in resolving power over the full aperture case
in which the radius of the first dark ring is 3-3 approximately ; the case 20> = 1 is
intermediate to these two. ‘

In the diagram (fig. 6) are shown the intensity distributions along the axis of the
coma-figure in the three cases « =0, 1, 1. It will be seen that the radii of the first
dark and bright rings decrease, but that the relative intensity of the bright rings is
increased. It must be remembered that the relation between the absolute intensities
for the different diagrams is not shown.

The diagram makes clear the change in the position of the point of maximum intensity.
For not very large values of B (8 3 4, say) the full aperture maximum occurs approxi-
mately ab the point given by 3z = 28, while with the rim aperture the maximum intensity
occurs at the point z = 8 ; for other values of « the maximum point is at an intermediate
position.

§4. The effect of curvature of the field can be deduced from the results of the preceding
paragraphs, for it has been shown that, with full aperture, curvature gives ordinary
out-of-focus effect combined with a change of the centre of the ring system. The
equation (5), § 2, may therefore be quoted to show that a numerical value of w is admis-
sible with the annular aperture greater than that admissible with the full aperture in the
ratio 1 : 1 — o2, 1.e., that this larger value of & will just satisfy the Rayleigh limit. Thus
from Part I it is seen that a sufficiently large field is given by the limit '

(1 —o2) @ 3 0-0018.
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Curvature and astigmatism together are governed by the coefficients oj, 5, ; thus, in
the notation of Part II, the integral whose squared modulus gives the light intensity
at the point ¢, ¢ upon the plane I is

1

P A 2 .
S S— dO e”‘ﬂz j 6—1( cos (b —¢) —4(8/2) cos 2¢ dd . L. 1
”912(1 "“U.z)j P v 95 ( )

ap) 0

for the annular aperture. Consider first the intensity distribution along the central
line, given by ¢ = 0; then the above integral reduces to

1

P1 . 2w U 1 Lo
ilp? — 1(B/2) cos 2¢ lé — —— j AL J t dt, .. 2
i mz)J pde € L e dé T ).¢ o (1) (2)

ap) a?

where & = T'p,? and 4ud® = kp,*y,%0, as before. The intensity distribution is clearly
symmetrical about the mid-point of the astigmatic separation, ¢.c., about the point
A = 0; the intensity at this point is a maximum and is given by

_ 1 1
\/I:i—_?j'agJo(ut)dt,. N € )

while the intensity at either principal focus is given by the squared modulus of

1 2jlze*i“‘Jo(ut)dt. N ).

1l —«

As a numerical example let us consider the value of I from (3) when «4/2 = 1,
w==1-2; this value of u was found to lead to the Rayleigh limit in the full aperture
case. [ find that

1
‘5

VI = zj Jo(1-2¢) dt = 0-8022 approximately, so that T = 0-6435.

The Rayleigh limit of 0-80 is therefore not satisfied and too large a value of y has
been taken. The annular aperture is seen to be unfavourable in the case of astigmatism
—at least as far as the central intensity is considered. This result might have been
anticipated from the form of (3); for as « - 1 the value of 4/T - J, (1) and the value
w == 0-661 brings us here to the Rayleigh limit.  The limiting value of . for the annular
aperture lies, therefore, between 1-2 in the full aperture case and 0-66 in the limiting
case when the aperture becomes a narrow ring. The intensity distribution away from
the central line is considered in §§ 11 et seq. for the limiting case in which « > 1.

§ 5. It has been shown that the effect of * distortion ’ is merely to move the diffraction
pattern as a whole ; the results, therefore, obtained in § 1 may be applied at once to this
case.
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§ 6. The Effect of the Combined Geometrical Aberrations.—Hitherto the diffraction effect
of the separate aberrations only has been considered. In certain cases, however, the
effect of the combined aberrations may be investigated simply. Let us consider that
the exit pupil is an annulus of small width ; then, with the usual notation, the intensity
at the pole upon the receiving plane is given by the squared modulus of the expression

1

— | xUitn) '
21] ()

Using the general expression, Part II, § 6, the integratioh terms in « (U, 7,) may
be written

r (U, + )0) == —zgcos (¢ —¢') — KXlep, cos ¢ -+ KG;FY’ cos ¢ Kc;i;ag cos ¢
, Kc‘g’;yl cos® ¢
= ;§GOS(¢~¢)~290082¢, O )
where ' |
G cos § =z cos ¢’ + K}i;[‘p — KG;PC;Y b~ chpd}v‘g = z cos ¢’ — A (say),
and
¢ sin ¢ =2z sin ¢’
so that
__ zsing’ 2,2 /1 A2
tannp»——-———mzcosgﬁ,__A, (=2 — 2Azcos ¢’ + A%

As usual 4pd? = 0,0*Y 2. The quantity ¢ denotes distance measured from the
point (A, 0). The general expression (1) becomes now

oMo gy, (8)
0

and the squared modulus of this expression will give the light intensity in the presence
of all the first-order geometrical aberrations and indeed of spherical aberration of any
order.

Assume now that w =0, 7.e., that the system is free from astigmatism; then (3)
becomes

L —1¢ cos (p—) —
27zj a4 Jo (% )

so that /I =J, (). The diffraction pattern is, therefore, a series of concentric circles
with the point (A, 0) as common centre, and the radius of the first dark ring is 2-405
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and that of the first bright ring is 3-832. The effect of the first-order geometrical
aberrations (apart from astigmatism) is thus to move the diffraction pattern bodily
a distance A from its position for an aberrationless system, and the distance A depends
upon the geometrical aberrations present. It is seen that a decided advantage is
conferred for the resolution of double stars, for the radius of the first dark ring in the
Airy disc is 3-832 as compared with 2-405 with; the narrow annular aperture.

§7. The geometrical meaning of ¢ is made clear by the diagram.
G is the Gaussian image point or its projection upon the receiving
plane, z, ¢’ are the usual polar co-ordinates, so that ¢, ¢ are polar
co-ordinates with P as new origin and the same initial line.

The general value of (3) § 6 may be evaluated as in the Appendix,
JT

but it is sufficient to consider the two cases in which ¢ =0, 3

vespectively. Putting ¢ =2 in (3) we have
p v D 2

2n

l j‘2n' e—~i§ sin ¥ — 2 cos? ¢d¢) — _L 5_0“ (_"' ’21:‘1‘)” J' 6—i§ sin ¢ COSzn ¢, d(]s
0

é;'; 2712,;:0 ;ﬁ 0
1o oo 2n 3,0
== S (—up)y EP d\S)
TC;L:O( y') 2”( )2 Cn ( )

from the formule

j oo sin® § dp = j et oo b dlp == " 12nJ n(z).
. . |

v 2"

If ¢ =0 expression (3) leads to a consideration of

1 rﬁ i cos ¢-+2i sin? b ] ¢ (o, 120 3.(0)
el cos ip sin = % (2 I e L 2
276 0 ¢ (]S =0 ( 1/{1‘) 2" (' 7’1,)2 t;n ( )

Expressions (1), (2) are seen to lead to the same result since the light intensity is given,
in each case, by the squared modulus of the expression ; either may be written

$,0828 Gy B

=0 Cn

Upon the central line of the contours we have from the general integral, by putting

¢ =0, the expression '
1 _ i cos® ¢

.57;062’* Sl = J(n). T |

If u == 0-661 the central intensity is 0-80 times its value for an aberrationless system.

Substituting this value of p in (3) above I find that the radius of the first dark ring
VOL, CCXXV.—A. 2B
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180 MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS.

is about 2-6, in the usual system of co-ordinates, as compared with the value 2-4 if
w =0, t.e., if astigmatism be absent.

y § 8. The Rectangular Aperture.~—Let the exit pupil be
two parallel rectangular apertures symmetrically placed
with respect to the axis of % and extending from
y=-4a toy = —a. Let the breadth be given by

- 2z =0 to 2 =0 and 2’ = —b" to 2’ = —b. Here S,
the area of the exit pupil, is given by S =4a (b —1'),
so that neglecting aberrations and taking an object point

uu upon the axis of the instrument, as we may do without
loss of generality, we have the expression

]' ) J.j‘e""":"(ﬂi”/d) cos (p—¢) dy’dz’ —

———— —i(e/d) (y'h+2k) ! ]!
da (b — V' He dydz . . (1)

1
40 (b — b')
if b, k be the co-ordinates of the pole at which the light intensity is required. Hxpression
(1) takes the form
-~ . [kah . kbl . [kb'k
sin <—d—> sin <-d—> s <——d——-/ 1 (2)
mRC | T T (e
\"d d d

If, therefore, we consider only the effect upon a line in the receiving plane parallel to
the y-axis above—and this is the general case of practical importance—or if we assume
that b, b” are small compared with @, then the light intensity T is given by

sin <@\
. d ] sin #
’\/.[ —= <[iq-7§> == P Py . . . . . . . . (3)
d

where z is the usual co-ordinate. An expression of precisely the same form is obtained
if an aperture of only one symmetrical slit be considered.

From (3) it is evident that the minima occur where z = nx and # is any positive or
negative integer, and that maxima occur at the points given by the roots of the equation

z—tanz=0. . . . . . . . . . . . 4

Moreover, at the minima the illumination is zero. Now with the usual circular aperture
the minima and maxima are given respectively by the roots of the equations

L, @) =0, J,(2)=o.
Comparing the minima we have for the rectangular aperture

3:142, 6-283, 9-425,
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while for the circular aperture the corresponding values are

3-832, 7-016, 10-173.
For the maxima they are
4-494, 7-725, 10-943
and
5-135, 8-417, 11-620 respectively.

The rectangular aperture, therefore, confers a very distinct advantage in the resolution
of close double stars, provided always that the loss of light due to the smaller aperture
be a not insuperable difficulty.

§9. Let us consider now the effect of simple out-of-focus conditions in the absence
of other aberrations. Here

2 ’
Ul —l— ry, = )2{;;2 - E% cos (96 - d)/)f

and the géneral integral becomes

wXp? _ dkpp cos (& — )

% j e 2a* a dy,

so that the light intensity I is given by the squared modulus of the expression

[ewrman, 0
0

where z is the usual co-ordinate and u denotes the displacement of the receiving plane.
It has been assumed, as usual in connection with the slit aperture, that ¢’ = 0, so that
the intensity is considered only along a line parallel to the slit. Putting z = 0, (1)
becomes

1
I e dv,
0

so that if I be the intensity at a point upon the axis distant p == 2rn from the paraxial
image plane,

9 tm?

Vf:'E\‘l/?;L e dvl, .. ... ... @

the value of which may be read off at once from tables of FRESNEL’S integrals. For
points away from the axis of the system (1) becomes

Wit A it ]

|1 Vi O
\/IMI’MJ% ezdt!, Co. : - (3)
M

¥4
24/
2B 2

by means of the substitution »/p — — t«/ g. and we have written 2z = 2zN.
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This is identical in form with Part II, § 10 (2). It also may be evaluated numerically
from tables of FRESNEL’S integrals.

The presence of spherical aberration of order s is denoted by the addition of a term
depending upon p**2 to the function U, 4 7,. Thus, the intensity, at distance z from

the axis and in the presence of aberrations of all orders, is given by the squared modulus
of

Ile'l (=zvtpoZ+vpd+ &by, d,” . . . . ) . . . . (4)
0 ) .
Let first-order aberration only be present, 7.e., let £ = ... = 0; then upon the
axis we have to consider
o o . ) .y .
ez(pv?-«wv*) d’U —_ j N Jn 2"07/1 _71 . . . . {5
jo Onﬂlnr olﬁzﬂ‘f*l’ (%)

where
2

N IR ) n wooy [V
o= Gy 4 oS g e (2

§10. Numerical Results.—In simple out-of-focus conditions we have the integral (2):
from tables of FrRESNEL’S integrals it is found that if » = 0-25, then

2

1
I= j e™ dy | = 08319,
0

so that n == 1 brings us practically to the RayLrIGH limit ; thig, then, is the maximum
shift of focus plane permissible. Again, for a point z (= 2zN) upon the plane, from (2)
we have ‘

_ 142N | .
Ve | [ |
2N

From the FrEsNEL tables I find the following values for the intensity :—

N= 0 : 01 : 02 : 03 : 04 : 05 : 06 : 07 : 0-8.
T = 0-8319 : 0-6486 : 0-4837 : 0-3251 : 0-1902 : 0-0883 : 0-0344 : 0-0089 : 0-0207.

The first maximum is glven, therefore, by N = 0-73, approximately, and its radius
is 2% % 0- 73, ’LL,4 6.

From § 9 (5) we have that the axial intensity in the presence of first-order aberration
given by v = 2=n,, together with out-of-focus conditions given by p = 2=n, is given
by the squared modulus of

1
j eQm’ (n024n,04) d?)
0

I find that n; =7, » = — I gives approximately the RAvLEIGH limit, so that if
change of focus be admitted 13 wave-lengths of first-order spherical aberration are
permissible. It will be remembered that in the case of the full circular aperture one
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wave-length only of first-order aberration was permissible in order to conform to the
Ravirieu limit. ,
§ 11. If coma be present alone, then the terms in U, -} #, are

U, + 7y = 6—22 3149 cos ¢ — 3 cos ¢,  where we have put gb" =0,
0'2 Y]_ ——,

= 9 d47/ (J’2+z,2)_—

in the notation already used. For a narrow slit we may neglect the 2 dlmensmn,
and we are led to an expression of the form

rta

J ez'Ay3~iBydy,. e e e e e (1)

where A, B are constants; since the function in the index of the exponential is odd,
this becomes

Jm cos (Ay* — By) dy,

so that in the usual notation we have

'\/I:JICOS(B’MB-—Z’M)d%. N 23
0

This expression gives the light intensity at any point z upon a line passing through
the Gaussian image point and parallel to the aperture, in the presence of coma of amount
. The dark points upon the line are given by the roots of the equation in z

fcos(Bu“—zu)du:O, . e ‘. (3)
0

while the positions of the turning values of I, and these in general will be maxima,
are given by the roots of the equation

{:sin(ﬁ.\/@_oé—z\/@_b)du =0. . . . . . . . . @

Numerical Results.-—By mechanical quadratures of expression (2), I find that, in the
case B =3-25, the maximum value of the intensity is obtained when z = 1-75,
approximately, and that it is then 0-7808 times the intensity at the Gaussian image
in the absence of coma ; this amount of coma, therefore, brings us to the RayLEIGH
limit for this:aperture. If § = 4—and this brings us to the limit for the full circular
aperture—then the maximum intensity sinks to 0-6894, at the point z =2-35. It
is seen that the maximum intensity occurs at the same point, approximately, relative
to the geometrical coma figure as in the circular aperture case.
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The diagram given (fig. 7) shows the intensity distribution along the line in the image
plane parallel to the aperture, in the case § =4 ; and the dotted curve shows the

Fig. 7.

I=8lit Aperture
I[=Circular

{

o

Intensity (/)

Axis of z

Light Intensity along Axis of Coma Figure in presence of Coma of amount £ = 4.

_ 1
1. Slit Aperture: I = j cos (4u® — 2u) du.
0

—_ 1 - ‘
1. Full Circular Aperture (dotted curve) : v'T = j Ty (4 VB — 2 v/u) du.
0

- The numerical values of the intensities which are shown graphically in the diagram (Curve I) are
are follows :—

2. . . 1. —10: -9 : —8 : —7 : —6 : —b5 : —4 : —3 : —2 : =1
Intensity : 0-0021 : 0-0006 : 0-0003 : 0-0012 : 0-0000 : 0-0040 : 0-0163 : 0-0336 : 0-0380 : 0-0709 :
4. . . : 0 : 1 : 2 : 38 : 4 : B :+ 6 : 7T : 8 : 9 10

Intensity : 0-1859:0-4374: 06708 : 0-5955 : 0-2258 : 0-0009 : 01180 : 0-2543 : 0-1317 : 0-0023 : 0-0510.

The maximum value of the intensity is 0-69 (approximately) and occurs at the point z = 2:35.

distribution along the same line when the aperture is a circle and the same amount of
coma is present. It is seen that for the resolution of double stars a distinct advantage
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is conferred by the slit aperture ; for the radius of the dark ‘ring’ in the direction
away from the head of the geometrical coma figure is 2-75 in this case, as compared
with 3-35 for the full circular aperture. It is interesting to notice that in the Airy disc
this same radius becomes 3-83. For the first light ‘ring’ the figures are :—slit
aperture, 4-75 ; full aperture, 5-35; Aty disc, 5-14.
§ 12. If curvature and astigmatism be present, then ,
P Y] e[ x Yl
Ulv_!‘ Ty == o2 iX Y 63+264j ‘_‘d’lP +X d f,
where we have put ¢’ = 0, ¢ = 0 ; so that on the central line, given by ¢’d -+ XY, = 0,
we have an integral of the form

'a . ;
J e dp,

and this reduces in the usual way to
T
Je’“‘du,...........(l)
0

where 1, as usual, measures the distance from the primary focus.
If the slit aperture be now rotated through a right-angle, 7.c., if we put ¢ ==n/2,
then the expression obtained is

(S
jwdu,............(g)
0 .

where 2’ measures the distance from the secondary focus. Away from the central
line along a line parallel to the slit we have the expression

T '
jo etAuzwlzu du. . . . . . . . . . . . (3)

This is of the same form as §9 (1), and therefore the discussion given will apply here
also. Indeed, it is evident that the function of the slit aperture is merely to eliminate
rays travelling to the focal line parallel to it; simple out-of-focus conditions are,
therefore, reproduced. v

§ 13. The effect of distortion is merely to move the diffraction pattern as a whole,
and thus the results of § 8 may be quoted, together with those of §9, for out-of-focus
effects.

§ 14. The Semi-Circular Aperture.—Let the exit pupil be semi-circular in form ; then,
for an aberrationless system we have, asusual, « (U, - 7,) = — « (pp’/d) cos (¢ — &) ; if,
therefore, we write fd == kpp’ we have to consider the expression

PL w 3 ,
J'opdpl’oe““""’*‘“""”dgﬁ, N ) |

where p; is the radius of the exit pupil. Here it is assumed that the Gaussian image
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point lies upon the projection in the receiving plane of the diameter of the exit pupil,
v.e., that 0 = ¢ ==.

Now
sin (z sin 0) =2 2. Jo (@) sin (20 - 1) 0,
cos (# sin 6) = J, (2) + 2 b J,,,( ') cos 2nb,
so that o
jﬂe‘f“’”s"”“”" dé ——f cos (t cos ¢ — ¢)(l(,b—bj sin (£ cos ¢ — ¢') deb
::no(t)-4zn(),. e )]
where
3 ! 3 /
0 () =3, sin ¢ — L3036 Lo oF 3)

Write, as usual, zd == rp,p’; then the expression whose squared modulus gives the
intensity is
2 [? .
;zjo{ﬂJo(z) —digO)btdt . . L@

It is seen that this reduces to unity at the Gaussian image point, where z=0; we
have, therefore,

2J, () 8
| 2h(2) mj () ¢ di,
i.e., .
2J, () 81 ., :
it C() = rq(t)tdt. Thus
pofEOP B L)
z 7z k

§15. If ¢/ = 0, v.e., if the pole lie upon the edge of the projection of the aperture
upon the receiving plane, then » (¢) = 0; so that (6) above reduces to

s {QJ;(z)}z,

and this is the Amry disc. If ¢’ ==/2, then

10 =50+ 50 0
so that

C(z)m[*q(t)tdt:-:znﬁlg2n(z) ]_Hl_:*_f_(_t)) N ¢))

since

~7JZn—l(t') — ZJ%(Z) e ‘ — >
L%_ltdt_—zn_l jon,,(t)dt, and 1-3,(2) =2 § J,(0)
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Thus (1) combined with (6) of the preceding paragraph gives the light intensity at
distance z from the Gaussian image point upon the line ¢’ = 0. Formulee equivalent
to these have been given by Bruxs, ¢ Astron. Nachr.,” vol. civ, p. 1 (1883).

It is worthy of notice that the maxima and minima of the intensity are at the points
given by the roots of the equation

7 5,()0,(2) _ d (£(2)) | '
16 ¢ (2) ~dz{z2f' ce e @)

From §§ 14, 15 it is evident that the effect of the aperture is to scatter light into the
outer parts of the field. There will be no dark points now upon the line ¢ ==/2, nor,
indeed, anywhere except upon the line ¢’ = 0 (or ).

§16. If spherical aberration or out-of-focus conditions be present, then the above
investigation is modified by the introduction of a factor of the form Exp. (1uf® 4itv® + ...);
so that we have to consider the expression

2 ¢ . Gt ..
ﬁL[NJO(t) i ()] g ds, L (D)
§ 17. If coma be present, then upon the Gaussian image plane,
U, +7r=— %P cos (¢ —¢) ... App. §6.
We have to consider, therefore, the expression

P1 (7 0P o (i)
j pde | e @ " dg,
0 0

2 (» kCo\ .. [kCp
oo [0 ) = i (F) )

and by means of the substitution kpp’ = zv'd we have

7.6.,

rJo(u)dv—{-%ifn(u)dv, B ¢ |

where u? =2%v — 2289® cos ¢’ - p20* and B, as usual, is the measure of the coma
present. The light intensity is given by the squared modulus of (1). Upon the axis
of the coma-figure ¢’ == 0, and then % (1) = 0, so that

VI=[5vee v, . . @

and this is the same formula as with the full circular aperture. At right angles to the
axis of the coma-figure ¢’ = /2, and then (1) becomes '

[nwvmTEn i wvEm T ... @)

VOL. CCXXV.—A. 2 ¢
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188 MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS.

Here the effect of the closing down of the aperture is seen in the presence of the second
‘integral.

§18. In the above it has been assumed that the Gaussian image point lies upon the
projection upon the receiving plane of the diameter of the exit pupil, ¢.e., that
0 =¢ == Assume now that the image point lies upon a line perpendicular to

this, 7.e., that — ; = ¢ = g Then we are led to the formula

o

—1/2

PL /2 "C"cos
Lpdpj T
Now

511/2/ iteos 0= dp = mJ, (¢) -+ 4@[ 1) cog ¢’ + J 3(t) cos 34" - J (t)

cos 5¢” -} 1
= ntd, (¢) -+ 4un, (t) (say).
Then the expression whose squared modulus gives the light intensity in this case is
1 4,1/ 1
LJO (u) du — ;z—jom (u) du, -

where u? = 220 — 22802 cos ¢’ - 203, If ¢’ =0 then

0, (1) = (t)+ (t)—JrJ(t) s

and we have

j (240 — B/ dv — — jn,(m/v—-(%\/vs N )
while if ¢’ == /2 then 4, (¢) =0, and we have

(LWETEOS )
v 0

§19. Effect of Curvature and Astigmatism.—Curvature and astigmatism are governed
by the coefficients o5, 5,.  If curvature alone be present the effects are simply out-of-focus
effects, and the results of §8 may be quoted. With the introduction of astigmatism,
however, a new integral presents itself. From Appendix § 9 we have the expression

/2
j Odp e'WP j —iC cos (p—¥)+iBsin*¢ d(,‘b
_7,/2

in the notation employed there. The limits of integration are now — = /2, =/2 instead
of 0, 2r. By following the method of that paragraph we are led to a consideration of
the integral

/2 . . w2 .
{ e~z§cos¢ cos Y Slnzn tﬁd(f) — 5 e—-z; cos ¢ cos Y Sln2n¢d¢»
0

o —m/2

_2TH T (e +3) _
(Z cos 1) {J,(Ccos ) — +H, (L cos ¢)},
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where H,, (z) is STRUVE’S function of order n. As the case of most importance we may
put ¢ =0 and consider the light distribution upon the ‘ primary’ plane, 7.e., put
v =0, in the notation of Appendix §9. Then the expression whose squared modulus
will give the light intensity is

Y’zn (Un+1 - II:Vn+1), . . . . . . . . (1)

el MO

egs

2”&

where
Un+l = Jrol Z”+1 Jn (z) dz = Jn+1 (zl)
and

V+f:ﬁwHHAmu I, (z).

n

Here the effect of closing down the aperture is seen in the presence of the function
H, (z).

§20. As shown in Part II the effect of distortion is merely to move bodily the
whole diffraction pattern produced by an aberrationless system. No new
investigation is needed, therefore, beyond that given in §14.

APPENDIX.

§ 1. The light intensity at any point is proportional to the squared modulus of

je“ ©i#7) ds, where the integration is taken over the exit pupil, and, from § & (1),

U= — ot ) g Yael o
—-H—cos (¢ —¢') + 2dz,(Yz—}—p —2Y pcosd), . . (1)
and
O, = §}ﬁ [o10* — 46,0°Y, cos ¢ +-20,0°Y |- 45,0°Y * cos’d — 46,0V * + o, Y. . (2)

The variables of integration are (p, ¢), and if the light intensity at the Gaussian
image point be taken to be unity the relative intensity I at any other point is given by

vh#g%mme )

where S is the area of the exit pupil. This is the general expression to be considered
and various specialisations may be made ; for example, in the first place, the exit pupil
will be taken to be circular and the effect of the various aberrations will be considered
separately. Afterwards other types of exit pupil may be considered.

2 ¢ 2
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190 MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS.

§2. Let all the aberration coefficients vanish except o, ; then the integraﬁon terms in -
(1) are given by

:_%<%>4+Z§<§>2mfgcos(¢m¢), P ¢

where
’d sin ¢’
XY, + ¢/dcosd””

2 = (X% -+ ¢’ cos ¢’>2 + (¢’ sin¢’)’, tan ¢ =

The terms omitted give modulus unity in §1 (3) and therefore add nothing to the
result. Without loss of generality in the form of the result we may write Y; = 0.
Write now

Pp, J— <P>2 —_— 2 1 p>4 —— 44 Plpl —
Kep ¢ «X (o = pz. KO () . A 1
) , ) ud?, J vt*, and let Fi 2

where ¢, is the radius of the exit pupil. Then

i (U; + 1)) = pt® - vt* — tcos (¢ — ¢'),

so that
VI = 7;_1;2 j} dt j’j” it + int—itoosTF ] 1
= %Ee"“‘z”””ﬂo (t) dt[, I )
ie, VI= ﬁew”vtﬁJO(z\/Mt;. N )

§3. The integral §2 (2) is of the form

[reva,oa—{re 3w o
— [0, () — [2£,() 165, 0}

= f(#) 2, () — 2f, (&) 220, () + 2, (&) 2°T5 () — ...

- (— 1) 2 () i (2) + oo . (D)
where
fn+1 (t?‘) = C—gafn (tz), ’i.e., an (x) = C%I‘fn (.CU), if =1
Let* f(x) = e+ go that f, (#) = ¢ (x + 2v2) f (®).

* The method is applicable to the case including spherical aberration of any order.
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Differentiating » times with respect to ,
o1 (@) =2 (1 —]— 2vx) f, () + 20v7fes ()5
assume now f, (z) = %;‘ , so that
Uppr = 1 (p2 + 222 u, + 2v2%u, .
Now in (1) ¢ will assume its limiting value 2z, and therefore we may write
pE = 2xn, 2a? = 4an,

and then u,, is given by the difference equation

Upyy + WUy + BrUp—y = 0, T )
where « = — 27 (n + 2n,), B = — 4an,. Thus u, is independent of (¢’, ¢’).
Substituting in § 2 (2),
VI = 2%) Uy — 22‘%;—)% + (=12 ‘Il‘zin—‘,rle) Uy + oo oL (3)

and by the usual methods the solution of (2) is

- (2) (4) = r—6Q3,(6)
o[t g ]
OLM Wy B2 + 32.4 2 4.6 | |’
where g, = — e and r™ =¢ . r — 1 ...0 —m + 1.
Let w, = (¢, -+ id,) u, = (¢, cos . — d,sin 3) + i (d, cos y, + ¢, sin ), since u, = ¢*, if
x == 2an + 2nn,. Thus
VI=|p+ig|, .
where
p="Ucosy — Vsiny

qg=Vecosy -+ Usiny,

U= 2‘1 (___ l)non on+1 Jus (z)

)
n=0 2t

and

(—1ydyesdem(E) g

z”"'lA

V=

o M8

so that
I=04+v . . . . . ... .. (5

If z be not too small the first few terms of (4) will give the value of I to a high order
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192 MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS.

of accuracy : the quantities ¢,, d, may be written down at once from the solution of
the difference equation, or the following may be used.

If
wy = 2m (0 + 2m,), B, = dan,,
, 2r)® 2r)® —
0y = (—1) [“2%"‘——(2 .)4 )’ 4{322‘!""2‘——““"‘.(4 .)6 . 8#22 gt — :l,
2@, )
d2r = (— 1)1 |:(_.2)_p,22 262—2_(_4)—6‘}“22 68,3 |- ]’
| (2r 1)@ o - 1)®
Copp1 = (——— l) [L—:I_Q_L szr-1@2 — (2_'1‘_%_“227«—5‘323 + ],
% - 1)@ .
dy = (—1) [u22r+l~ﬁ——2iz—)- w 3B - ] e

§ 4. The above series are useful forlarge values of z; for small values the series below
may be used :—

[remne=ne56+ae2 0 peidd

2z 22

where 2df, ., /dx = f,

" and z =2 ; this assumes that the constants in the successive
integrations are chosen so that f, (0) = 0. Assume now that f = ¢™**”, so that if

72 n

f=1+‘lff+b|2; +-...+Z-’f§—+...,
then - -
., . £ blx7»+1 | i bnmn+r

e RS R re S

provided that the successive constants introduced be all zero.
Write 2" f, = u,2", so that
_ (1, bz ).
U, = <‘£+|7‘—I~1 -+ >,

\/T:ulJO(z)~}~%le(z)—{—%22J2(z)—{—..., R 3]

then

giving the light intensity. Now b, = <%> so that the b-functions are given by the
/®=0

difference equation

b, — tub, — 2ivrb,_, = 0.

r41
Tf we write ba” = A, then the A functions satisfy the equation
A'r»r-l — (2{’/7”7/) A,. — (4?/51’}’1,1) TAr—l — O’

and this is an equation of the form § 3 (2) ; its solution, therefore, may be written down
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at once. Moreover the A-functions are independent of the co-ordinate z, and there-
fore so also are the u functions; the co-ordinate z occurs only explicitly as shown in
(2). If z be small a few terms only of series (2) are required to give the light intensity
to a high order of accuracy.

§5. Let n; =0in§3; thenwu, = 2wn, B, = 0; sothat

y = (— 1) (2nn), Cypin = 0, dy =0,  dy,, = (2an)r+(—1);

whence

2unl = 477, (c )%‘“") 3, (2) +
eV = <i’§’_“> 3, (2) + <4Z‘£3> (&) — ...

and these are LoMmMEL Functions.*
Again let n; =0 in §4. In this case a choice other than zero for the constants in

§ 4—in fact, an introduction at each integration of the quantity %— —will lead to the
@

usual LomMeL Functions of the second type. The result obtained is :—

1 2 . 22 2
I= <__> <V0 cos 2zn + V| sin 2zn — cos 8nn>

4nn,
1 )2 V . 2 V 2 . 22 \2
+<m/ < o SIn 2zn — V, cos nn+s1n—8—n—%>,
where
2 \ 2 42 i 2 r+2m
Vo= (g3 = () I @ e () )

§ 6. Let all the aberration coefficients vanish except o, ; then the expression «(U, - 7,)
takes the form

KG2PY1 . Kppg
K020 cos ¢+ K2 (68 — 2, c0s 6) — ¥ cos (4 — 4,
1.e.,
Ksz_L .
2dz,Cc.os(qS ‘I))..vu...*...(l)
where
CCOSL[):A———KSl—PCOSqS’, Csin ¢ = — ;,P sin ¢/,
and
_ ke ?zeﬁfg«&> 2 Az — 9A <ee /_L'@_@’>2
Ad<2d5 ), 0= 20 o g o () (g)
Now

. I AR P kXp?
feomas — " o™ ap ["gome-dy = o [ 063 5, (0) de,
0 0 0

* B. Lommel, ¢ Abh. d. k. Bayer. Akad.,” vol. XV (1886).


http://rsta.royalsocietypublishing.org/

\

) N

A
A \

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)

a
fa \
A A

y i
Y 4

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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e, being the radius of the exit pupil. Let now

V=, et (BT (D) = (5)() et e = (5

\

then substituting in §1(3) and using the above results we have I given by the
squared modulus of

fei'”’ Iy (V (Bv —e)?v — 220 (Bv —e)cos ¢’ +2)dv. . . . . (8)
0
Let now X = 0 and therefore u = 0, ¢ = 0; then
VI = jl J, (u)dv, where u* =2 — 2280" cos ¢’ - g%’ = w (say)
= [’0 J, (%) T -L j:‘ll—@(&—@ dé,, it dé, = wvdu
om0 b 2 g, 10

0

where

B =, e, sy and 4, =0

Assume now

b, = 00,10+ o, 0 A o, 0P

so that
2(p + Dtnpyper =Au,, +Boypy +Coppy o 0 o o L (4)
where ;
w
d_’l) === A. + B'U 'J[— CU
Then
- J J
V1 ZJO(ux)Zo«-mL—‘f%l So, (“l)z st ( )y o, 4. . . (5)

where

u?=2"— 228 cos ¢’ 4+ p? and Xu, = Yo thus u, = PQ. (Part II, §13.)

.
n,m I

This expression gives a value for the intensity and it is especially useful in the regions
round %; = 0 and u, = 20 ; for here but few terms of the series are required to give
the intensity to a high order of accuracy. The quantities Z«, may be evaluated readily
from the difference equation (4) ; but as only a few are required they are given below :—

2“0:13 2“1_*%<§. ] E l—C>

SEVTIESEIE T3 N SN 20N

and A = 22, B = — 428 cos ¢/, C = 332
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Putting § =0 (the A1ry disc).

§7. The above series, although always convergent, is not always suitable for
computation. Another series may be obtained as follows : —

VI= (3o = [ L5003, ()

— d_/o Yo(Ldd, s : _lfd_”
—|Zaw] = [t Bagerwy, s =19,

udu
d i dw
_zd;ul w) + o (— 12 T aulJ (w)+ ..., . . (1)
since ¢, , ‘_lili C(li¢ :

This series is useful for the outer parts of the field, owing to its rapid convergence there.

d™
dw”

w = 22v — 22p v* cos ¢’ -+ PP
but again a few terms only are required and they are given below :—

dv 1 e B I 2C dv _ 3(B - 20y 20

dw AFBFC & (A BIOP dw ATBLCOF (ATBTOF

2J()

Putting B = 0, then %{% =0 ifn>1; thus VI= (the A1ry disc).

§ 8. Let all the aberration coefficients vanish except oy, o5. Then the integration
terms in §1 (1) are given by

U, 41, = O3 2y —

d4p Y% cos® ¢ +

e X (6" — 2V, c03 6) — 2 cos (¢ — ). (1)

In the first place let us write 5, = 0. Then the terms in (1) become

2 LY 2 ¢
%(X—%—ay>—~%eos(¢— o) ... L (2)
where
O — Yl ! /
cos ¢ X—d— - o’ cos ¢
Csin ¢ = o/ sin ¢’
so that
2
02 <%Y_~1> + 29/ (\Xle) coS ¢/ _I_ p12 <3)

VOL. CCXXV.—A. 2D
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196 MR. G. C. STEWARD ON ABERRATION DIFFRACTION EFFECTS.

The integral § 1 (3) becomes

o ip? (o Ws}lf)—i—"—(;&"cos((b—'/’)d

Je@"‘ (Up+1,) ds E Odp j e 2d* Y

=2 ' A ("ig) edo. - . . ... @)
0 d/
This integral is of the same form as the integral obtained in studying out-of-focus effects
in the absence of spherical aberration ; it is the integral which gives rise to LoMmrEL
functions* and the results already obtained may, therefore, be quoted.
§9. If 5, » 0 the expression § 8 (1) may be written in either of the forms

%(Xmgigé) Qi‘P)Y cos® qu—g,—COS(qﬁ-y N )
and
2 Y2 C .
5"0—,;,(}( 2dm3+254>{—2d4ostmgb»~——cos( )

Taking (2) the integral to be considered is of the form

(I am . e N ‘
[ oot ["esemsmsmedg,
0 0 .

where

, _ Kp Y/? | ] xpC ke®Y %,
Y\O Zgz{Xﬁé—é_z(G{ij—QGt)}y ¢ ::_2—7 B :"—@%4:

while (1) leads to an integral of the form

o L o '
j e odp j grleostb=t ot g L L L (4)
0 & .

where now

o KPP o Y2 _xeC , kX%
YPZ_de{X 23d2} S AR d

Either of these may be taken as the standard integral for the general case involving
O3, O4.
§10. Take §9 (3) and consider first the integration with respect to ¢. This may be
written
jzw g~ 1 cos b oos =15 sin dsin -+ sin dgb.
0

w+ 22 . , .
Now from § 3, the function ¢“" = may be expanded in powers of @, and the result is

2 n
az+ b2’

— NP
2_y0 ‘1y1+'2y2+ I%?/n i (A
where ¥,,, is given by the difference equation
Ynsr = Y = D0Y,_y,

# . Lommel: ¢Abh. d. k. Bayer. Akad.,” vol. XV., 1886.
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and y, = 1. The solution of this equation is

2rhr )
y, = ar " awb+ +n<2r>ﬁ+.... (1)§3.

If, therefore, we write

¥ =sin¢, o= —1gsin¢, b= 2p, then ‘

2 © o
[ "e—ig cos (¢ —y) +iBsin2 P d¢ —_ ¥ &j‘ e-i§ cos b cos ¥ sin” ¢ d¢
4O n=0 l'_r_b 0

— E yz’n j -19' cos P cos SinZn ¢ d(]s

! ¢ cos ¢) 2
n= 02 !’n (C CO>3 )n > o ) ' ()
since the integrals vanish which contain an odd power of sin ¢. Now B contains
¢%, @ and ¢ each contain p; therefore, y,, is of the form p*Y,, where Y,, does not
contain p. Write ¢ cos ¢ = 7, then

)
48

*— 9

— : d 2nr on'\ — Ty’
?/Zn - (KO cos q)) A Y?n - Z Y2n (Sa‘Y)

and (2) becomes

o0

02|

YL Z) (3

The general integral is, therefore,

2 " { s Loy g, (Z)} 06 do — 9 | 91>2 S v, [ ey, 2z, . (4)
Jo (n= o?"i \Zy) n= 02"l_ 0

where vZ? = y? and the variable of integration has been changed from p to Z. Omitting
now the factor wp,?, so that the intensity shall be unity at the Gaussian point when
o3 = o, = 0, the result is obtained that the general intensity is given by the squared
modulus of the expression .

1
o Vale - )

MS

2
7

H

where
U

n+1

— | zrmey, z)az
0

and is an ordinary LoMMEL function.

The above result has been obtained from§ 9(3). An equivalent result and of identically
the same form can be derived from § 9 (4), but the symbols will have slightly different
meaning, e.g., y’, 8" will occur instead of v, § and ¢ sin ¢ instead of Z cos ¢. The result
will follow from the BesseL function formula

J (z) - <i\n 1 Jw/z e b cogin b
. O =3 torprm ). 00879 48
valid if R (n + 1) > 0. ’

2n

ST (n+ DTGB

* Assuming the formula J,, () = s' exizeosbgin? i, valid if R(n 1) > 0.
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§11. Let all the aberration coefficients vanish except o;. Then

U, + 7= 2d4\Y1300s¢+%( —2Y p cos ¢) — ——cos(gb ¢).

In the first place let X = 0. Then
U, 1, = 2Ccos (4 — ¢)

where

Ccos ¢ = 2§3Y 3 — o' cos ¢’

Csin ¢ = — o/ gin ¢/
Thus the integral §1 (3) becomes

[t 00

where C is constant so far as p, ¢ are concerned. This is the ATrRY disc integral, so that
the light intensity at the point given by (C, ¢) is

g@%z
—d (1)
(@)
L \d
Let now X % 0. Then
2 /
Uy + 7, =2 B B0 cos (4 — ¥), @)

where

12 __ (%5 yvs__ Xlz_ /<"5Y13_ ¥_1> SN,
C_-< Y, Xd> 2¢'( 5 Xd‘COSd)%p,

and ¢’ is independent of p, ¢. Thus the general integral of § 1 (3) becomes

P ’MXP 2m ix’.’ggos(d)—\[/")
e ede [T e ag,

rle@%JK ZZC>PdP, T )|

v 0

and we are led to

and this is the integral which occurred in the consideration of out-of-focus effects in
the absence of aberration. It leads to ordinary LommeL functions and the results may,
therefore, be quoted. Put «xXe® = 4nnd?, kpC’ = 2d. Then

21 e g = g%um“ @W%ﬁm}...@
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